1. The action principle
o For small ds € R, f(s+ds) = f(s) + %(88)58 + R(s,0s)

e With 6f == f(s + 8s) — f(s), 6f = LE6s + R(s,ds), with

. R(s,ds)
lim

=0
65—0 0s

So ¢ f vanishes to first order in s, so R(s,ds) can be written as O(((Ss)Q)

o At the extrema of f, d’;(;) =0sodf = O((53)2)

e Functional: map from functions to R

o y(t) stationary for functional S if

dSly(t) + ez(t)]
de

|s:0: 0

for every smooth z(t) with z(a) = 2(b) = 0. We use the notation dy(t) = ez(t). y(¢)
is called a path.

e Action principle (variational principle): paths described by particles are
stationary paths of S (an action functional):

88 := S[z + 6] — S[x] = O((6)°)

for arbitrary smooth small deformations dz(t) around true path z(t).
o Fundamental lemma of the calculus of variations: Let f(z) be continuous in
[a, b] and

b
/ f(@)g(z) dz = 0

for every smooth g(x) in [a, b] with g(a) = g(b) = 0. Then f(z) =0 in [a, b].
o Notation:
OL  OL(r,s) OL OL(r,s)
92 = oy | me=e0E0) 3z = s ma=G®i)
o For a path ¢ and a Lagrangian L(g,g'), the action for the path is

t

S= [ Lia(t),d())at

T

o The action above satisfies

b
0—ss= [
t

0

oL _a(oLy
dr dt\dz )

e The arguments in a Lagrangian, z and z, are independent:

N N
oL oL
S g+ Y o | at
(i—l 0g; = 94 l)

e Euler-Lagrange equation:



oz 0z
i dx
o Configuration space, C: set of all possible instantaneous confiugratinons of a
physical system. (Includes positions but not velocities).
o For configuration space € of system &, S has dim(C) degrees of freedom.
¢ Generalised coordinates: A set of coordinates in configuration space.
e Notation: ¢ shows results holds for arbitrary choices of generalised coordinates.

. Euler-Lag_range equation for configuration space C:

O0gq; dt

oL d [ OL
dq,

_) =0 Vie{l,..,dim(C)}

e For system with kinetic energy T(g , g) and potential energy V(g), the Lagrangian
for the system is

L(g,d4) = T(g:4) = V(a)
o Ignorable coordinate g,;: Lagrangian does not depend on g;:
OL(qy,--dn» dys )
9q;
» Generalised momentum of coordinate g;:
oL
= 54,

Generalised momentum of ignorable coordinate is conserved.

=0

b;:

2. Symmetries, Noether’s theorem and conservation

laws

o Transformation depending on e: family of smooth maps ¢(¢) : € — € with
©(0) the identity map. Can be written as

¢ —q’ =¢;(qr, - qn,€)

where the ¢, are a set of N = dim(€) functions representing the transformation in
the given coordinate system. Change in velocities is

d
i

. d
4 g

e Generator of ¢:

WO | =40

e In any coordinate system,
4 = ¢i(g,€) = ¢; +ea;(q) + O(e?)

where



_ ‘%z‘(ﬂ’ £)

a; T 9 |s:o

So the generator of the transformation is a;.
o For velocities,

q.z' - qz + gdi((ha - 4y (jlv ) qN) + 0(62)

generated by a,.
e Equations of motion don’t change when total derivative of function of coordinates
and time is added to Lagrangian:

dF(qy, ..., qy,t)
dt

L— L+

doesn’t change equations of motion.
o Transformation p(g) is symmetry if for some F (g, t),

dF(qy,---,qy,t)
dt

L— L =L((q,), .. dlqn,e)) =L+ ¢ +0(e%)
F(g, t) defined up to a constant.
o For ignorable coordinate g;, transformation ¢, — g; + ¢; is symmetry since g;
doesn’t appear in Lagrangian and ¢, stays invariant. So ' = 0 here and a;, = 0.
e Noether’s theorem: Let a symmetric transformation be generated by

a’i(qb "'7qN)7 S0

dF(qy,...,qy,1t)
dt

L—L+e + O(g?)

Then

is conserved (so % =0).
e ( is called Noether charge.
e Given Lagrangian L(g,g’, t), energy is

N
. 0L
E:= (;qia_q) —L

o Along path ¢(t) satisfying equations of motion,

dE 0L
at 0ot
So energy conserved iff Lagrangian doesn’t depend explicitly on time.

3. Normal modes

. . . . _ 1 n .9
¢ Canonical kinetic term: of the form 7' = 3 Zi:l q;-
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» Normal mode: solution to § + Ag = 0, associated with eigenvalue A9 >0 of A,
of form

q(t) = v (a(i) cos(Mt) + B sin(Mt))

» Zero mode: solution to § + Ag = 0, associated with eigenvalue AD =0 of A, of
form

q(t) = y(i)(a(i)t 4+ 5(%’))
+ Instability: solution to g + Aq = 0, associated with eigenvalue A <0 of A, of
form

g(t) = v (a9 cosh(VNDE) + 59 sinh (VA0 ) )

o When no instabilities, general solution is superposition (sum) of normal modes and
zero modes.

4. Fields and the wave equation
e Generalised Euler-Lagrange equations for fields:

00208y 000
Ou Oz \Ou, ot\ou, )
and for n fields u9:

0L o ( 0L o ( 0L 0 Vi
- — — | — - | — — 1
ou Oz \ Guld ot 8u§i)

o If fields don’t depend on (¢, z) but on d coordinates z;,
0L Ed: o (0«
ould) £~ Oz 8u,(f)

(1) — out
where u;,” = o,

e Massless scalar field Lagrangian:

1 1
L= §puf — ETug
p is density, 7 is tension. The field u is the massless scalar.

e Equation of motion for massless scalar field is

PUy — TUzy = 0

which rearranges to wave equation:

_ .2
utt =c um:

‘=1/p
e D’Alembert’s solution to wave equation:

where ¢



u(z,t) = f(x —ct) + g(x + ct)

f(x — ct) corresponds to a wave moving to the right with speed ¢, g(x + ct)
corresponds to a wave moving to the left with speed c.
If u(z,0) = p(z) and u,(z,0) = ¢(x) then

T+ct

u(et) = 5(plo —ct) + gl +ct) 450 [ v(s)ds

r—ct

In field theory, symmetry is transformation
u—u =u-+ea(u)

such that 6£ = O(e?). a(u) generates the transformation.
Note: often, z;, chosen to be t.
Let u; = %, generalised momentum vector is

0L 0L
Mi={(—,...,—
- Ouy Ouy,
Noether current associated to transformation generated by a is
J = all

If J associated to symmetry,

oz

)

d
V=Y 9%—g
i=0 2

(Noether) charge density:

Q = JO
For d =1, charge contained in interval (a,b):
b
Q(mb) = / Qdzx
Ford =1,
dQ (a)
dr Ji(a) — Jy(b)

Noether charge is total charge over all space. For d = 1:

Q = Q(foo,oo) = / JO dz

Ifd=1andlim, , J;, =0,
dQ
X0
dt
Energy-momentum tensor:
0L 0
T : AN

K Ou; Oz, Y



Energy density:
& =Ty

Conservation law for energy-momentum tensor:

d 8Tz
Zax?zo

=0 Y%

Energy flux: T, .

Dirichlet boundary condition for wave equation: u,(0,t) = 0 (so u(0,¢) =0 as
u has shift symmetry) which gives

u(z,t) = f(x —ct) — f(—z — ct)

Here, waves reflected off boundary and turned upside down.
Neumann (free) boundary condition: u,(0,t) = 0 which gives

u(z,t) = f(x —ct) + f(—x — ct)

So waves reflected off boundary and not turned upside down.
Junction conditions:

e u continuous at 0:
lim u(e,t) = lim u(e,t)
e—=0T e—0~

e Energy conservation across junction:

— lim (T,

m)xza

i(lim E(—e,e)) = lim (7},)

dt \e—0+ e—=0Tt T=—€ g0t

Ansatz for wave function with spring at junction at « = 0:

(.1) Re((eP* 4 Re~r)e~iret) if x < 0
sy = Re(Ter(z—ct) ifz>0

5. The Hamiltonian formalism

State of classical system at given instant in time is complete set of data that fully

fixes future evolution of system.

Phase (state) space of system is space of all possible states system can be in at
instant in time.

Hamiltonian formalism parameterises phase space as generalised coordinates
q(t) and associated generalised momenta p(t).

When going from Lagrangian to Hamiltonian formalism, define generalised
momentum as

9L(q,q.t)

i

pi =

Poisson bracket of f(g,]_), t) and g(g,g, t):



(a2 01 0)

=1 aQi 8pi - 8291' 6%’

where n is dimension of configuration space (half dimension of phase space).
Position and momentum treated as independent when taking partial derivatives.
Properties of Poisson bracket:

o Antisymmetric: {f,g} = —{g, f}.

o Linear: {af + bg,h} = a{f,h} + b{g, h}.

o Leibniz identity: {fg,h} = f{g,h} + g{f, h}.

o Jacobi identity: {{f, g}, h} + {{h, f},9} + {{g, R}, f} = 0.

Let P be phase space, F be set of functions from P to R.

Hamiltonian flow defined by f:? — R is infinitesimal transformation on F
given by

of 17 =7, @(g)=g+elg, [} +0()

@;e) is generator of map from P to P:

. 9

#(q) = 4.+ =50+ O)
. 9

(I);)(pi) =D — 83;- + 0(52>

Noether charge @) = (Z:‘: ) aipi> — F' generates symmetry transformation via
Hamiltonian flow:

‘I)(e)(qi) =q; +¢e{q,Q} + 0(52) =gq; te€a; + 0(52)

Hamiltonian gives energy:

H = (Zmi) ~L
i=1

Hamilton’s equations of motion:

. o0H | OH
op; 9g;
Time evolution of f (g, B) generated by H:
df
% = {fa H}
If f depends explicitly on time,
df _of
22 H
Relation between Hamiltonian and Lagrangian:
OH(¢,pt) | _  9L(g,4,!)
ot lee= g lud



o If function @ doesn’t depend explicitly on time, {H,Q} = 0 so Hamiltonian left
invariant by transformation generated by Q:

Po(H)=H+¢{Q,H} +O0(e?) = H+ O(e?)

6. Wave function and probabilities
o Wave function: continuous, complex function of position  and time ¢: ¥ (z, t).

e Probability density to find particle at time ¢ and position «:
P(a,t) = [p(a, 1), with

/ P(z,t)dz =1

If this integral exists, 1) is square-normalisable. If integral equal to 1, % is
normalised. Probability of finding particle in interval (a,b) is

/b P(z,t)dz

a

» Expectation value of f(z):

ey = [ i
o Uncertainty in position: Az = /(z2) — (z)

o Infinite potential well in 0 < x < L:

x)P(x,t)dx

V(:C):{O if0<zxz <L

oo otherwise

Wave function vanishes in regions x < 0 and x > L. Eigenfunctions for this

 Wave function collapse: if position is measured to be x,, wave function becomes

potential are

very localised around at z,, and measurement immediately afterwards will also
yield x,.

o (x) is not average of repeated measurements of same particle, but average of
measurements of many particles with same wave function.

7. Momentum and Planck’s constant

o Position operator:

¢ Momentum operator:



where f is reduced Planck constant.
¢ Commutator:
73] = & — i = i
o« Expectation value of momentum for wave function :

W)= [ Va0t 0de = —in [ 50 vt da

o Expection value of function of momentum:

<ﬂm%=/mw@¢#@meMm

e Momentum uncertainty:

Ap = /(p?) — (p)?

o Heisenberg’s uncertainty principle: for any normalised wave function,

h
AzAp > 3

8. Schrodinger’s equation
e Hamiltonian operator:
~2 2 42
~ P 0
H=—+V(@)=—=—+V
+ V(@) 2m Ox? + V(o)
Corresponds to measurements of energy.
e Schrodinger’s equation:

9. The Hilbert space

o Hermitian inner product on vector space V:map (-,-): V xV = C
satisfying:

(v, w) = (w,v).

(v, 1wy + aywy) = ay (v, wy) + ag{v, wy).

(a1v) + ayvy, w) = ay vy, w) + ay(vy, w)

(v,v) > 0 for all v and (v,v) =0 <= v =0.

e Set of continuous square-integrable wave functions forms complex vector space. So

a9, + ay1), is also square-integrable.
e Hermitian inner product of two wave functions:

<mwa=/mmmwwwm



o If {¢,(z)} is orthonormal basis so (¢,,, ®,) = ¢

mn, then any vector can be

expressed
Y(@) = cupn(2)
where ¢,, = (p,,, ). Hermitian product is then
(V1,%,) = Zm%(w) = ZELnCZ,n
So squared norm of 9 is [9” = (¥, 4) = X, le,

10. Hermitian operators

For vector space V, linear operator is map A : V — V with

Alayvy + aguy) = a;(Avy) + ay(Av,)
e Any linear combination or composition of linear operators is linear operator.
e Matrix elements of linear operator for orthonormal basis {ej}:
A;; = (e, Ae;).
o Adjoint A': (v;, Av,) = (Atv;,v,). Adjoint has matrix elements which are
conjugate of transpose of original matrix.
e Properties of adjoint:
o (@A +ay4,)" =@ A] + ;4]
* (A1A2)T = A;AI-
e Hermitian operator: linear operator that is equal to adjoint. Matrix is
Hermitian: A4;; = A—ﬂ
e Position and momentum operators Hermitian, w.r.t. orthonomal basis of wave
functions {¢,,(x)}.

11. The spectrum of a Hermitian operator

o Wave function 1, is eigenfunction of Hermitian differential operator A with
eigenvalue a if Ay, (z) = ay),(x).

o Expectation value of Hermitian operator:

OO—

(A) = (3, Ag) = / (@) A(z) de

—00

o If ¢, is eigenfunction, (A) = a and (A") = a™. So uncertainty AA = 0.
e Let A Hermitian operator.

o Eigenvalues are real and

e 1,1, eigenfunctions of A with distinct eigenvalues are orthogonal.

e If A has discrete spectrum, can choose orthonormal basis of eigenfunctions
{¢,,(x)} with eigenvalues a,,. Then any wave function can be written as
Y(z) =3 ¢, (z) where ¢, = (p,,9). Can interpret lc,|” as probability of
measurement of A yielding a,,.

10



¢ Dirac delta function:

5(a):{0 if a # 0

ocoifa=0

with fjooo §(a)da =1 and

/ " b(a— ) f(@) dd’ = f(a)

e Limit definition of Dirac delta function: limit as ¢ — 07 of
]- 2 2
5 — —a’/e
)= e
e Delta funtion is Fourier transform of 1:
1 R
d(a) = —/ e da’
27
—00

o If A has continuous spectrum (eigenvalues a € R) then can choose basis of
eigenfunctions ¢, (x) with (p,, ¢,/) = d(a — a’). Can uniquely expand wave
function

v) = | " t(a)pu () da

—00

where ¢(a) = (p,, ). Norm of wave function is

wo) = | " le(@)* da

For normalised wave function,

[ letar =1

—00

so treat |c(a)|® as probability distribution for measurements of A.

12. Postulates of quantum mechanics
¢ Postulates of quantum mechanics:
o Particle described by normalised wave function ¢(z).
o Measurable quantities represented by Hermitian operators A(x,p), constructed
from polynomial /real analytic functions of position and momentum operators:

T =z,
. 0
= —th—
P Oz
o Possible outcomes of measurement of A are given by its eigenvalues a. If
spectrum discrete, {aj}, then choose eigenfunction basis ¢;(z) with

(¢i, ;) = 6;;. Then probability of finding measurement as eigenvalue a; is

11



(¢;) ¢)|2. If spectrum continuous, a € R, choose eigenfunctions ¢, (z) with
(pgs Par) = 6(a — a’), then probability of finding measurement as eigenvalue a is

(par V).

o If measurement of A yields eigenvalue a; (or a), wave function immediately
afterwards is ¢;(x) (or ¢,(z)). Note: in continuous case, wave function
immediately afterwards not square-normalisable.

e If no measurements made, 1 evolves in time according to Schrodinger equation:

9p(z,1)
ot

For discrete spectrum, expectation value of A is

(A) = Z aij

ih = Hi(z,t)

. 2 . - .
for eigenvalues a;, P; = ‘cj| is probability of measurement being a;.
For continuous spectrum, expectation value of A is

(A) = /Z aP(a)da

where P(a) = |c¢(a)|” is probability distribution.

13. Commutators and uncertainty principle

Commutator of operators A, B:

[A,B] = AB— BA
Properties of commutator:
o Anti-symmetry: [A, B] = —[B, A].
o Linearity: [a, A, + ayA,, B] = a,[A;, B] + a,[A,, B].
« [A,BC] = B[A,C]+ [A, B]C.
« Jacobi identity: [4, [B,C]] + [B,|[C, A]] + [C,[A, B]] = 0.
If [A, B] = 0, possible to find orthonormal basis of wave functions which are
eigenfunctions of A and B.
A, B compatible if [A, B] = 0.
Generalised uncertainty principle: for any square-normalisable wave function,

AAAB > Z[(14, B)|

Anti-commutator: {A, B} = AB + BA.

14. Energy revisited

Eigenfunctions of Hamiltonian are bound states if classical solution is bounded
in space.

Let V(x) >V, for all z € R. Then if wave function normalised, (H) > V.

If ¢(x) is normalised eigenfunction of H with eigenvalue E, then E > V.
Zero-point energy: smallest eigenvalue £ > V.

12



Spectrum of Hamiltonian is non-degenerate.

15. Stationary states

e Pt where ¢(z) is

Solution to Schrodinger’s equation is ¥(z,t) = ¢(x)
eigenfunction of Hamiltonian with eigenvalue E. This solution is stationary wave
function.

Full solution to Schrodinger’s equation:

P(w,t) = Z Cj@j(w)e_iEjt/h

J

where {p;(x)} is orthonormal basis of Hamiltonian eigenfunctions with eigenvalues
E;, c; are coeflicients of initial wave function expansion:

Y(z,0) = Z Cj@j(x)

C:

2 2
:ly“

Probability of energy measurement being E; is P; = ‘(90]-, ¢>|
Time-independent Schrodinger equation:

Ho(z) = Ep(x)

where ¢(z) is Hamiltonian eigenfunction with eigenvalue (energy) E.

16. Case study: the free particle

If V(z) = 0, eigenfunction of p is eigenfunction of H.

17. Two particle systems

For two particles in one dimension, wave function is 1(z;, x,), probability density
is P(z,,xy) = [¢(x,,2,)|’: probability of finding particle one in (a,b) and particle

b pd
//P(xl,%)d%d%

Probability of finding particle one in (a, b) is

two in (¢, d) is

P(x,) = /ab P(zq,z,)dx,

(similarly for particle two).
If both positions measured as Z, Z,, wave function collapses to product of position
eigenfunctions:

Yhotore (T15 T2) = Wapier (T1,5) 0 6(z) — Z1)0(2y — Ty)

If only particle one measured,

13



wbefore(xl’ ‘TQ) — 6(3:1 - 51)¢before(§§1’ 372)
e Hamiltonian for two particles with zero potential:
=~ h? 0 h? 0
2m 0z  2m Oz5

Eigenfunctions are product are single-particle eigenfunctions:

( ) 2 (mrxl ) . (mﬂ'xz )
Ti,Ty) = —sin sin
(10 12 L L L

Eigenvalues are sum of eigenvalues of single-particle Hamiltonians.

o Wave function separable if can be written as product of function of x; and
function of x,.

o Entangled states: when measurement of one particle affects subsequent
measurement of other particle. Occurs for non-separable wave functions.

18. Simple harmonic oscillator

e Simple harmonic oscillator potential:

where w is angular frequency.

o If V has minimum at z = z, and |z — z,| small, mw? ~ %V”(xo) by Taylor
expanion of V(x) around z.

e Energy spectrum of Hamiltonian for simple harmonic oscillator is E, = hw(n + %)

19. The continuity equation
e Probability current density:

oo _
J = —(¥d, Y — Y0,
S (90, — 90,9)
e Continuity equation:
where P(z,t) = |y(z,t)|*.

o Probability current vanishes as x — 400 for square-normalisable wave functions.

20. Scattering problems

o When particle has to cross potential, for t - —oo, ¥(x,t) — ¢;(z,t) is incoming
wavepacket, then it scatters from the potential, as t — oo, tends to sum of
reflected and transmitted wavepackets:

1/)(%75) — wR(mat) + ¢T(x’t)

As t — oo, reflected and transmitted wavepackets don’t interfere.

14



o Probability of reflection is
o > 2
R_}E?o/OOWR(“)’ dz

Probability of transmission is
e ¢]

T = lim Wy (z, )| da

t—00 _

R 4+ T =1 if ¢ normalised.

21. Tunnelling

» Finite step potential: for V, > 0
0 ifx<0
Vie) = {VO if 2 >0

e Scattering occurs when particle has energy E > Vj,.
o Tunnelling occurs when particle has energy 0 < E < V.
o For scattering, Hamiltonian eigenfunctions are

(z) = etkr 4 re—ikz if x < ()
v tetk'e ifx>0

where k = \/2mE | h2, k' = \/2m(E — V) / h?
e Determine r and ¢t by using that ¢ and 9,1 continuous at x = 0.
o Finite barrier potential:

0 ifz<O
0 ifx>1L
e For tunnelling, Hamiltonian eigenfunctions are

(z) = etk 4 re—itkz if £ < ()
14 te—rT ifz>0

where k = \/2m(V, — E) / h2. Coefficients 7 and ¢ found by replacing k" — ix.

22. Momentum-space wave function
e Momentum-space wave function:

~ 1 ° )
— —ipz/h
1/1(]9) \/ﬁ/;m 1/1(56)6 Pt de

satisfies

1
V2mh

(z) = / B(p)er I dp

15



For momentum-space wave function, position and momentum act as operators

z =1ih—

~

bp=Dp
~ ~ 2
Momentum probability density: P(p) = ’w(p)‘ . Probability of momentum
measurement being a < p < b is

Position expectation value of f(z):
(0.9]

~

= 0
@) = [~ Fois(ing ) iw)a
o0 P
¥ (x) normalised iff J(p) normalised.
Translating ¥ (z) by z, multiplies &(p) by e/l

Translating zZ(p) by p, multiplies 1 (x) by e®o®/%,
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