Contents

1. MEETIC SPACES ..evvieiiiie et ettt e e e 2
LoL MIEETICS vttt ettt ettt 2
1.2. Open and CloSed SEHS ....eiiiiuiieiiiii e 2
1.3, CONBINUITY eeeiiiiee ettt ettt e e 3
2. TOPOIOZICAL SPACES ...eiiiieeiii et 3
2.1, TOPOLOZIES ..t 3
2.2, CONBIIUIEY ettt ettt e et e e e 4
3. Limits, bases and products ...........iviiiiieiiie e 6
3.1. Limit points, interiors and ClOSUTES ..........ccoouuiiiiiiiiiiiiiiie e 6
3.2 BASES it 7
3.3. Product tOPOLOZIES .....oiiiiiiiiiieiiiiiiie e 7
4, CONNECEEATIESS ..ovuneiiiieeiie et et e et e e et e e et e e e et e e eaa e e eaanaeeaaneeesnneaesseeesnneaasnaees 8
4.1. Clopen sets and eXAIMPLES ......eeeiiiiiiiieeriiiiie et e e e e e e et e e e eeaaiaeeaeaes 8
4.2. Constructing more connected sets, components, path-connectedness .................. 9
5. COMIPACTIIESS ..ttt ettt et e ettt e e ettt e e et e e e e e eeeaaans 10
6. QUOBIENT SPACES ovvviineeeiiiiiie ettt e e e ettt e e e e e et e e e e eeaaie e e e e eeaneaaeans 11
7. TOPOlOZICAL ZIOUPS ..uuiiiiiiiiiee e 12
7.1 EXAINPLES e e 12
7.2. Actions, orbits, orbit SPACES .....uuiiiiiiiiiiee e 13
8. INETOAUCTION oeveiiii e e e et a s 14
9. Simplicial COMPIEXES ....oiiiiiiiiiii e 15
9.1. Simplicial complexes and triangulations ............ccooeeiiiiiiiiiiiiiiniiii e, 15
9.2, SIMPlicial MAPS ..uuieiiii e e 16
9.3. Barycentric subdivision and simplicial approximation .........cc....cccceiiiiiiinn.. 17
1O, SUTTACES et 17
LO.1. SUITACES coviiiieii e e e e e e e e et e e e e e e e aa e e aaa e e eaannes 17
10.2. Orientations on SUTTACES ........ccoiiiiiiiiiiiii e 19
10.3. Constructions 0N SUTTACES .......cciviiiiiiieiiiiiii e 20
11. Homotopy and the fundamental group ...........cccooieiiiiiiiiiiiiii e 20
111, HOIMIOBODY +eneeiiieiiiie ettt e 20
11.2. The fundamental SrouD ........coouiiiiiiiiiiiiiie e 22
11.3. Brouwer’s fixed point theorem ...............ooooiiiiiiiiiii e 26
12. Computing the fundamental Sroup ..........ooouuuiiiiiiieiiiiiii e 27
12.1. Finitely presented SrOUDPS .......ccoouuuiiiiiiiiiiiiieiiiiee e 27
12.2. The fundamental group of a triangulated surface ..........cc....coooiiiii . 28
12.3. Van Kampen’s theorem ..........coooiiiiiiiiiii e 30
13. Euler characteristics and the classification of closed surfaces ..............cc...coooi. 31
13.1. The Euler characteristic of a graph ........cccoooiiiii e 31
13.2. The Euler characteristic of a surface ..........ccccccviiiiiiiiiii 32
13.3. The classification of closed SUTfaces ........coouiiiiiiiiiiiiiii e 34



1. Metric spaces

1.1. Metrics

Definition. Metric space is (X,d), X is set, d : X x X — [0,00) is metric
satisfying:

e dz,y)=0<=z=y

o Symmetry: d(z,y) = d(y,x)

o Triangle inequality: d(z,y) < d(z, 2) + d(z,¥)

Example.

o p-adic metric: for p € [1, 00)

dy(x,y) = (i\w - y#’)

e Extension of the p-adic metric:

=

p

doo (2,y) = max{lz; —y;| : i € [n]}
o Metric of C(][a,b)):

d(f,9) = sup{|f(z) — g(2)| : © € [a,b]}

e Discrete metric:

Oifz =y

Definition. Open ball of radius r around z:
B(zir):={y € X :d(z,y) <r}
Definition. Closed ball of radius r around z:

D(z;r):={y e X : d(z,y) <r}

1.2. Open and closed sets
Definition. U C X is open if

Ve eU,3e>0: B(z;e) CU
Definition. A C X is closed if X — A is open.

Note. It is possible for sets to be neither closed nor open, or both closed and open.

Example. With standard metric on R, any singleton {z} € R is closed and not open
(same holds for R™).

Definition. Let X be metric space, x € N C X. N is neighbourhood of x if
Jopen VCX:z2eVCN
Corollary. Let z € X, then N C X neighbourhood of z iff 3¢ > 0: 2z € B(z;e) C N.

Proposition. Open balls are open, closed balls are closed.



Lemma. Let (X,d) metric space.

e X and () are both open and closed.

e Arbitrary unions of open sets are open.

o Finite intersections of open sets are open.

e Finite unions of closed sets are closed.

e Arbitrary intersections of closed sets are closed.

Example. If X has discrete metric, any A C X is open and closed.

1.3. Continuity

Definition.

e Sequence in X is a: Ny — X, written (a,,),cn-
e (a,) converges to a, lim, , a, = a, if

Ve > 0,3n, € N:Vn > ny,d(a,a,) <e

Proposition. Let X,Y metric spaces, a € X, f : X — Y. The following are
equivalent:

e Ve>0,30 >0:Vz € X,dy(a,z) <d = dy(f(a), f(z)) <e.

o For every sequence (a,,) in X with a,, — a, f(a,) — f(a).

o For every open U C Y with f(a) € U, f~1(U) is a neighbourhood of a.

If f satisfies these, it is continuous at a.
Definition. f continuous if continuous at every a € X.
Proposition. f: X — Y continuous iff f~1(U) open for every open U C Y.

Example. Let d be discrete metric, d, be 2-adic metric.
o Any f:(X,d) — (R,d,) is continuous.
o id: (R,d;) — (R,d) is not continuous.

2. Topological spaces

2.1. Topologies
Definition. Power set of X: P(X):={A: A C X}.
Definition. Topology on set X is 7 C P(X) with:

e e, Xer.
e Closure under arbitrary unions: if Vi € I, U, € 7, then
U U,er
i€l
o Closure under finite intersections: U,,U, € 7 = U; N U, € 7 (this is
equivalent to Uy, ...,U, € T = ﬂie[n] U, €1).
(X, 7) is topological space. Elements of 7 are open subsets of X. A C X closed if
X — A is open.
Definition. 7= P(X) is the discrete topology on X.

Definition. 7= {0, X} is the indiscrete topology on X.



Example.

o For metric space (M, d), let 7, exactly contain sets which are open with respect to
d. Then (M, ;) is a topological space. d induces topology 7.

e Let X =Njyand 7 ={0}U{U C X : X — U is finite}, then (X, 7) is topological
space.

Proposition. For topological space X:

e X and 0 are closed

o Arbitrary intersections of closed sets are closed
o Finite unions of closed sets are closed

Proposition. For topological space (X,7) and A C X, the induced (subspace)
topology on A

TA:{AHUUET}

is a topology on A.

Example. Let X = R with standard topology induced by metric d(z,y) = |z — y|.
Let A =[1,5]. Then [1,3) = AN (0,3) and [1,5] = AN (0,6) are open in A.

Example. Consider R with standard topology 7. Then
e T, is the discrete topology on Z.
¢ Tg is not the discrete topology on Q.

Proposition. Metrics d,, for p € [1,00) and d, all induce same topology on R",
called the standard topology on R".

Definition. (X, 7) is Hausdorff if
Ve+yeX,a3U,Ver:UNV=0AxzeU,yeV

Lemma. Any metric space (M,d) with topology induced by d is Hausdorff.

Example. Let |X| > 2 with indiscrete topology. Then X is not Hausdorff, since 7 =
{X,0} and if z # y € X, only open set containing x is X (same for y). But X N X =
X + 0.

Definition. Furstenberg’s topology on Z: define U C Z to be open if
VaeU,I0+£de€Z a+dZ:={a+dn:ne€Z}CU

Proposition. Furstenberg’s topology is Hausdorff.

2.2. Continuity

Definition. Let X,Y topological spaces.
e f: X —Y is continuous if

VV open in Y, f~1(V) open in X
e fis continuous at a € X if

VYV open in Y with f(a) € V,3U openin X :a € U C f1(V)



Lemma. f:X — Y continuous iff f continuous at every a € X. (Key idea for proof:
Uaef—l(V) Ua - f_l(V) = Uaef—l(V) {a} - Uaef—l(V) Ua)

Example. Inclusion i: (A,74) = (X,7x), A C X, is always continuous.

Lemma. Compositions of continuous functions are continuous.

Lemma. Let f: X — Y be function between topological spaces. Then f is
continuous iff

VA closed in Y, f7!(A) closed in X

Remark. We can use continuous functions to decide that sets are open or closed.

Definition. n-sphere is

n+1
S’I’L = {(371, ...7.Tn+1) E RTL+1 . Zx? = 1}
i=1
Example. In the standard topology, the n-sphere is a closed subset of R**1.
(Consider the preimage of {1} which is closed in R).

Example.

o Can consider set of square matrices M, ,, (R) = R"™ and give it the standard
topology.

» Note

det(A) = ) (sgn(a)ﬁai,ou))

o€ sym(n) i=1

is a polynomial in the entries of A so is continuous function from M, (R) to R.
e GL,(R)={A € M,(R):det(A) # 0} = det (R — {0}) is open.
e SL,(R)={A € M,(R):det(A) =1} = det 1({1}) is closed.
« O(n)={Ae M,(R): AAT =T} is closed: f; ;(A) = (AAT), ; is continuous and

O(n) = ﬂ (fi,j)_l({5i,j})

1<i,j<n
e SO(n) = O(n) N SL,,(R) is closed.

Definition. For X,Y topological spaces, h: X — Y is homeomorphism if A is
bijective, continuous and A~! is continuous. X and Y are homeomorphic, X =Y. h
induces bijection between 7y and 7y which commutes with unions and intersections.

Proposition. Compositions of homeomorphisms are homeomorphisms.
Example. In standard topology, (0,1) is homeomorphic to R. (Consider f :

(—g, %) — (—o00,00), f=tan, g:(0,1) — (—g, g), g(z) = 7'('(.’17 — %) and f o g).
Example. R with standard topology 7, is not homoeomorphic to R with the
discrete topology 7,. (Consider h™*({a}) = {h™'(a)}, {a} € 7, but {h™'(a)} ¢ 7).

Example. Let X = RU {0}. Define f, : R — X, fy(a) =a and f5: R — X, f5(a) =
a for a # 0, f5(0) = 0. Topology on X has A C X open iff f1(A) and f;'(A) open.
Every point in X lies in open set: for a ¢ {0,0}, a € (a — %, a+ %) and both pre-

bt



images of this are same open interval, for 0, set U, = (—1,0) U {0} U (0,1) C X then
fol(Uy) = (—1,1) and f5*(U,) = (—1,0) U (0,1) are both open. For 0, set Uy =
(—=1,0)U {0} U (0,1) C X, then f; ' (Us) = (—1,1) and f5'(Uy) = (—1,0) U (0,1) are
both open. So U, and Uy both open in X. X is not Hausdorff since any open sets
containing 0 and 0 must contain “open intervals” such as U, and Ug.

Example (Furstenberg's proof of infinitude of primes). Since a + dZ is infinite, any
nonempty finite set is not open, so any set with finite complement is not closed. For
fixed d, sets dZ, 1 + dZ, ...,(d — 1) + dZ partition Z. So the complement of each is the
union of the rest, so each is open and closed. Every n € Z — {—1,1} is prime or

product of primes, so Z — {—1,1} = pZ, but finite unions of closed sets are

p prime
closed, and since Z — {—1,1} has finite complement, the union must be infinite.

3. Limits, bases and products

3.1. Limit points, interiors and closures

Definition. For topological space X, z € X, A C X:

e Open neighbourhood of z is open set N, x € N.

e z is limit point of A if every open neighbourhood N of x satisfies

(N —{z))NA#0

Corollary. =z is not limit point of A iff exists neighbourhood N of z with

AmNZ{{x}ifxeA
0 ifz¢gA

Example. Let X = R with standard topology.

e 0€ X, then (—1/2,1/2) is open neighbourhood of 0.

e If U C X open, U is open neighbourhood for any x € U.

o Let A= {% :n € Z —{0}}, then only limit point in A4 is 0.

Definition. Let A C X.
o Interior of A is largest open set contained in A:

A° = U U

U open

UCA
e Closure of A is smallest closed set containing A:
A= ﬁ F

F' closed
ACF

If A= X, Ais dense in X.

Lemma.

“A=X_ A°
=X — (X — A

|



Example. Let Q C R with standard topology. Then Q° = () and Q = R (since every
nonempty open set in R contains rational and irrational numbers).

Lemma. A = AU L where L is the set of limit points of A.

Theorem (Dirichlet prime number theorem). Let a,d coprime, then a + dZ contains
infinitely many primes.

Example. Let A be set of primes in Z with Furstenberg topology. By above lemma,
only need to find limit points in Z — A to find A. 10Z is an open neighbourhood of 0
for 0 inside Z — A. For a ¢ {—1,0,1}, a 4+ 10aZ is an open neighbourhood of a. These
sets have no primes so the corresponding points are not limit points of A. For +1,
any open neighbourhood of +1 contains a set +1 + dZ for some d # 0, but by the
Dirichlet prime number theorem, this set contains at least one prime. So A = AU

{£1}.

Lemma.

o Let A C M for metric space M. If x is limit point of A then exists sequence z,, in
A such that lim x, =T.

n—oo '

o If x € M — A and exists sequence z,, in A with lim,, ,  z, = x then z is limit

point of A.

3.2. Bases
Definition. A basis for topology 7 on X is collection B C 7 such that

VUeT,3BCB:U=|]b
beB

(every open U is a union of sets in B).

Example.

o For metric space (M,d), B ={B(z;r):x € M,r > 0} is basis for the induced
topology. (Since if U open, U = U,y {u} C U,y B(u,r,) CU.)

o In R"™ with standard topology, B = {B(q;1/m) : ¢ € Q™",m € N} is a countable
basis. (Find m € N such that % < 5 and g € Q" such that q € B(p; %), then
B(q; %) C B(p;r) C U using the triangle inequality).

Theorem. Let f: X — Y be map between topological spaces. The following are
equivalent:

e f is continuous.

If B is basis for topology 7 on Y then f~1(B) is open for every B € B.

VA C X, f(A) C f(A).

YV C Y, V) C V).

f71(C) closed for any closed set C CY.

Theorem. Let X be a set and collection B C P(X) be such that:

e Vxe X, dJBe B:x € B
o If x € B, N B, with B;,B, € B, then 3B; € B:xz € B; C B; N B,.

Then there is unique topology 75 on X for which B is a basis. We say B generates
Tg. We have 75 = {U,.; B; : B; € B, I indexing set}.



3.3. Product topologies

Definition. Cartesian product of topological spaces X,Y is X x Y := {(z,y) :
z € X,y € Y}. We give it the product topology which is generated by By, y =
{UxV:Ue€ry,Very}

Example.

e Let X =Y =R, then product topology is same as standard topology on R2.

e Let X =Y =85! then X xY =T2% = S x S! is the 2-torus. n-torus is defined
for n > 3 by

" = Sl % Tnfl
Definition. If 7; C 7, are topologies, then 7, is smaller than 7, (7, is larger than
T1)-

Definition. For topological spaces X,Y, projection maps 7y : X XY — X and
Ty : X XY =Y are

7TX(x’y) =7, Wy(ﬂf,y) =Y

Proposition. For X x Y with product topology,

e 7y and 7y are continuous.

e Ty and Ty map open sets to open sets.

o Product topology is smallest topology for which 7y and 7y are continuous.

Proposition. Let XY, Z topological spaces, then f: Z — X x Y (with product
topology on X X Y') continuous iff both my o f: Z - X and my o f: Z — Y are
continuous.

Example. Let f: X - R", 7w, : R* - R, m;(z) = z;, f; = m; o f, then f is
continuous iff all f; are continuous.

Proposition. Let X,Y nonempty topological spaces. Then X x Y with product
topology is Hausdorff iff X and Y are both Hausdorff.

4. Connectedness

4.1. Clopen sets and examples
Definition. Let X topological space, then A C X is clopen if A is open and closed.

Definition. X is connected if the only clopen sets in X are X and 0.

Example.

o R with standard topology is connected.

« Q with induced topology from R is not connected (consider L = Q N (—o0, v/2)
and Q — L = QN (v/2,0)).

e The connected subsets of R are the intervals.

Definition. A C R is an interval iff Ve, y € A, V2 eRz <2< y= z € A.

Example.
o X ={0,1} with discrete topology is not connected ({1} and {0} both open so
both closed).



o X ={0,1} with 7 = {0, {1}, {0,1}} is connected.
e 7 with Furstenberg topology is not connected.

Theorem (continuity preserves connectedness). If h: X — Y continuous and X
connected, then h(X) C Y is connected.

Corollary. If h: X — Y is homeomorphism and X is connected then Y is
connected.

Theorem. Let X topological space. The following are equivalent:

e X is connected.

e X cannot be written as disjoint union of two non-empty open sets.

e There exists no continuous surjective function from X to a discrete space with
more than one point.

Example.

o GL,,(R) is not connected (since det : GL,,(R) — R — {0} is continuous and
surjective and R — {0} = (—o00,0) U (0, 00)).

e O(n) is not connected.

e (0,1) is connected (since R = (0,1) and R is connected).

e X =(0,1] and Y = (0,1) are not homeomorphic (consider h(1) =p € Y).

Definition. Let A= BUC, BNC = 0, then B and C are complementary

subsets of A.

Remark. If complementary B and C open in A, then B and C clopen in A. So if
B,C # () then A not connected.

4.2. Constructing more connected sets, components, path-

connectedness

Proposition. Let X topological space, Z C X connected. If Z CY C Z then Y is
connected. In particular, with Y = Z, the closure of a connected set is connected.

Proposition. Let A; C X connected, i € I, A, N A; # 0 and U;c; A; = X. Then X
is connected.

Theorem. If X and Y are connected then X x Y is connected.

Example.

o R" is connected.

e B"={z€R":d,(0,z) < 1} is connected (B™ is homeomorphic to R"™).
o D" = {x € R":d,(0,z) <1} = B" is connected.

Example.

e Vn € N, §" is connected.
e Vn €N, T™ is connected.

Definition. Component of topological space X is maximal connected subset of X.

Proposition. In a topological space X:

e Every p € X is in a unique component.

o If C; # C, are components, then C; N Cyy = ().
e X is the union of its components.



e Every component is closed in X.

Example.

e If X connected, then its only component is itself.

o If X discrete, then each singleton in 7y is a component.

e In Q with induced standard topology from R, every singleton is a component.

Definition. Path in topological space X is continuous function v : [0,1] — X. v is
said to be path from «(0) to v(1).

Definition. X is path-connected if for every p,q € X, there is a path from p to q.
Proposition. Every path-connected topological space is connected.

Example. Let
Z ={(z,sin(1/z)) eR? : 0 <z < 1}

Z is path-connected, as a path from (z,,sin(1/z;)) to (z,,sin(1/z,)) is given by

So then Z is connected by the above proposition, and since the closure of a connected

set is connected, Z is connected.

Every point (0,v), y € [~1,1] is a limit point of Z. Assume Z is path-connected.
Then there is a path v : [0,1] = Z from (0, 0) to (1,sin(1)). Since (7x o7)(0) = 0 and
(mrx ov)(1) =1 and 7wy o~y is continuous, by the Intermediate Value Theorem, 3¢, €
[0,1] : (mx o) (t;) = 2/m. By IVT again, 3t, € [0,¢,] : (mx 07)(ty) = =. We obtain a
strictly decreasing sequence (t,,) C [0,1] where (wx o v)(t,) = % which is bounded
below by 0, so must converge with limit ¢*.

Now 7y o7 is continuous, so lim, ., (7y o ¥)(t,) = (my o 7)(t*). But (7y o v)(t,,) =

nm

2
contradiction.

sin( ), and as n — o0, this oscillates between —1 and 1 and does not converge, so

5. Compactness

Definition. Let X topological space, cover of X is collection (U;),c; of subsets of X
with

iel
If every U, is open, it is an open cover. If J C I, then (U;),c; is a subcover of
(U;);er if it is also a cover.
Definition. X is compact if every open cover of X admits a finite subcover.

Example.

e If X is finite then X is compact.

e R is not compact.

o If X infinite with 7 = {U C X : X — U is finite} U {0}, then X is compact.

10



Proposition. Let X have topology with basis B. Then X is compact iff every cover
(B;)ier of X, B; € B, admits a finite subcover of X.

Remark. To determine compactness of Y C X with induced topology, consider open
covers Y = U,.; (U; NY) for U, open in X, which is equivalent to Y C U,; U;.

Example. [0, 1] is compact.

Proposition. If f: X — Y continuous, X compact, then f(X) is compact.
Proposition. If X compact, A C X closed in X, then A is compact.
Theorem. If X is Hausdorff and A C X is compact then A is closed.

Corollary. If X compact, Y is Hausdorff, f : X — Y continuous bijection, then f is
homeomorphism.

Theorem. If X, Y compact, then X x Y is compact.
Definition. S C R" is bounded if

dreR: S C B(0;r)
Theorem (Heine-Borel). A C R™ is compact iff it is closed and bounded.

Example.

e S™ is compact.

e T™ is compact.

e X={xeR3: 22+ 22— 2} =1}is not compact, since Vn € N, (n,0, (n? —
1)1/3) € X, so X ¢ B(n), so is unbounded, so not compact by Heine-Borel.

Corollary. Let f: X — R, X compact, f continuous. Then f attains its maximum
and minimum.

Theorem (Bolzano-Weierstrass). An infinite subset A of a compact space X has a
limit point in X.

6. Quotient spaces

Definition. Let X topological space, ~ equivalence relation on X. Write X/ ~ for
the set of equivalence classes of ~: for z € X,

[z]={yeX:y~az}, X/~:={[z]:2€X}
There is a surjective map, the quotient map, 7: X — X/ ~, w(x) = [z].
Example. Let X = R3, define equivalence relation
(T1,Y1,21) ~ (Tg, Y2, 22) & 21 = 23

Then 7(a,b,c) = [(a,b,c)] = {(z,y,2) € R®: 2 = c}. Elements of R3/ ~ are horizontal
planes.

Definition. Let X topological space, ~ equivalence relation on X. Then X/ ~ is
given quotient topology defined by

U C X/ ~ open <= 7 1(U) open in X

11



Proposition. Quotient topology defines a topology on X/ ~.
Proposition. Quotient topology on X/ ~ is largest such that 7 is continuous.

Proposition. Let X topological space with equivalence relation ~, Y topological
space. Then f: X/ ~ =Y continuous iff fom : X — Y is continuous.

Example. In R, let z ~ y <= x —y € Z. Define exp : R — S C C, exp(t) = 2™
and exp : R/ ~ — S, &xp([t]) = exp(t). Then

[s] =[t] <= s —t =k € Z <= exp(s) = e?™ke2mit = 2™ — &xp(t)

Hence exp is well-defined and injective, and is surjective since exp is. Also, exp is
continuous since exp = exp o 7 is. R? is a metric space and so is Hausdorff, so S C
R? with the induced topology is Hausdorff. Now e.g. 7([—10,10]) = R/ ~, [-10, 10] is
compact and 7 continuous so R/ ~ is compact. Since €xp is a continuous bijection,
these three properties imply exp is a homeomorphism. Hence R/ ~ = St

Definition. Let A C X, define z ~y <= x =y or z,y € A. Then define X/A :=
X/ ~.
Example. S™ =~ D"/S""!. Any point in D™ can be written as t- ¢, t € [0,1], ¢ €
S™~1. Define
f:D™— S™  f(t-p):=(cos
= f(0-¢p)=(1,0

mt), psin(rt)) € R x R® = R**1
Define f: D"/S™ ! — S™ f([t-¢]) = f(t-p). If t; -, # ty - @, then

[ty 1] =[ta- o] =t -1ty -0 €S =ty =ty =1
= flty 1) =(=1,0) = f(ty - p2)
Aand 7([t1 1)) = 7([t2 x23)

f is surjective, so f is also. Now fom = f which is continuous, so by above
proposition, f is continuous. S® C R™*! is Hausdorff, D® C R™ is closed and bounded
so is compact by Heine-Borel, and so D™/S™! is compact (since m continuous). Also,
f is a continuous bijection. These imply that f is homeomorphism.

7. Topological groups
7.1. Examples

Definition. A topological group G is Hausdorff space which is also a group such
that

o:GxG—=G, e(gh)=gh and i:G =G, i(g)=g!

are continuous.

Example.
« R"™ with addition is topological group.

12



o GL,(R) with multiplication and its subgroups O(n) and SO(n) are topological
groups (each entry in AB is sum of products of entries of A and B, so matrix
multiplication is continuous, matrix inversion also continuous).

Proposition.

e Any group with discrete topology is topological group.

e Any subgroup of topological group is also topological group.

Example.

o C — {0} with multiplication has topological subgroup S* c C — {0}.

o Define quaternions as vector space H := (1,14, 5, k), with topology taken from R*.
H — {0} is a multiplicative group with S a topological subgroup. For q = a + bi +
cj+dk e H, a,b,c,d € R, we have 15 := k, jk =1, ki := 3, ji :== —k, kj := —1i, ik :=
—j. For ¢ # 0,

a—bi—cj—dk

a2 + b2 + ¢ + d2

« Note however that S? is not a topological group.

¢t =

Definition. For topological group G, = € G, define left translation by x as
L,:G—G, L,(g) :==zg

Similarly, right translation by z is
R,:G—G, R,(g) :=gzx

Proposition. L, has inverse (L,) " = L,: and is homeomorphism. Similarly for
R

Notation. A specified inclusion G < G x G is the map G — {z} x G composed
with the inclusion map {z} x G — G x G. (similarly for G x {z}).

x*

Proposition. Let G topological group, K the component containing identity of G.
Then K is normal subgroup of G.

Example. O(n) is not connected, but SO(n) is connected and contains I, so is a
normal subgroup of O(n)

7.2. Actions, orbits, orbit spaces

Definition. Action of group G on topological space X is map e : G x X — X such

that Vg, h € G, Vx € X,

* (hg)exz=he(gex).

e loex =12.

e g:X — X defined by g(z) = g e = is continous. Note: g has inverse map g~! which
is also continuous, so both are homeomorphisms.

Definition. Action of topological group G on topological space X is continuous
map e : G x X — X such that Vg,h € G, Vz € X,

e (hg)ex=he(gex).

e loex =u=x.

13



Remark. For the above definition, the condition g(x) = g @  being continuous isn’t
required since g is the composition of continuous maps:

g .
XoGxX—X, z—(g,x) >gex

Example.

o Trivial action: (g,z) > gex =1z, 80 @ = my.

e Let G =GL,(R), X =R", let the action be matrix multiplication: (A,z) — A e
x = Ax. This induces an action of subgroups O(n) or SO(n) on X = R™.

e Let H subgroup of topological group G, left translation action of H on G is e :
H x G — G, h e g = hg. Equivalently, ¢(h) = L,,.

e Let N normal subgroup of topological group GG, conjugation action of G on N is

e:GxN—N,gen=gng '

Definition. Let G act on topological space X, define equivalence relation ~ on X by
x~y<=3JgeG:g(x):=gex =y

An equivalence class for this relation is an orbit, denoted Gz. Orbit space, X /G, is

quotient space X/ ~. Action is transitive if X /G is a singleton.

Example.

o If G acts trivially, every orbit is singleton and X /G = X.

« R"/GL,,(R) contains two points and has neither discrete nor indiscrete topology.

o Action of O(n) on S™! is transitive for n € N. Action of SO(n) on S™ ! is
transitive for n > 2.

Lemma. If connected topological group G acts on topological space X, then the
orbits are connected in X.

Theorem. Let G connected topological group act on topological space X. If X /G is
connected, then X is connected.

1
Notation. Define specified inclusion 4, : M,,(R) < M, ;(R) by A — [é Z]. So

M, (R) can be regarded as subspace of M, ;(R).

Proposition. )

¢ Using the inclusion <, SO(n) is subgroup of SO(n + 1).

« Viewing these as topological groups, if subgroup SO(n) acts on SO(n + 1), orbit
space is SO(n 4+ 1)/SO(n) = S™.

Corollary. The topological group SO(n) is connected for n € N.

8. Introduction
Notation. Let I =[0,1].

Definition. Closed n-disc is
D" :={x eR": |z|| <1}

Definition. Open n-disc is

14



E":={x cR":|z| < 1}
Definition. n-sphere is

S = {x € R": ||z| = 1}
Definition. Cylinder is S* x I.

Definition. The 2-torus (torus) can be defined as T := S x S* or T:= (I x I)/ ~
where

Ve el,(z,0) ~ (z,1), Vyel,(0,y)~(1y)
Definition. Klein bottle is given by K := (I x I)/ ~ where
Ve €1, (z,0) ~ (z,1), Vyel, (0,y)~(1,1-y)

Definition. Map is continuous f: X — Y where X,Y are topological spaces.

9. Simplicial complexes

9.1. Simplicial complexes and triangulations
Definition. Let v, ...,v,, € RY, n < N.
e vgy,...,0, are in general position if {v; — v, ...,v,, — vy} are linearly independent.

e Convex hull of v, ...,v,, is set of all convex linear combinations of v, ..., v,,:

n n*

(Vs ey Uy,) = {Z v > X =1,Vi€{0,..,n}, ) > o}
=0 =0

e An n-simplex, 0" = (v, ...,v,,), is convex hull of v, ..., v,, in general position. The
vertices vy, ...,v,, span o” and o" is n-dimensional.

Example.

e (-simplex is a point.

e 1l-simplex is a closed line segment.

e 2-simplex is closed triangle including its interior.

e 3-simplex is closed tetrahedron including its interior.

Definition. If o™ = (v, ...,v,,) is n-simplex and {ig, ..., 4,.} C {0,...,n}, then

oy Up

(Vi s+ 0; ) 18 T-simplex and (v; ,...,v; ) C o™. Any such sub-simplex is called r-face

of o™. A proper face is an (n — 1)-face. The ith face of o™ is the (n — 1)-simplex
(Vg oy V15 Vig1s -oes Upy ) -
Definition. A finite simplicial complex K C R¥ is finite union of simplices in
R¥ such that
o If o™ is simplex in K and 7" is r-face of o™, then 7" is simplex in K.
o If o and of* are simplices in K with o] Nod* # (), then there exists r €
{0, ...,min(n,m)} and r-simplex 7" in K such that 7" is r-face of both o} and o5*
and o Noy* =177,

Dimension of K is maximum value of n for which there is an n-simplex in K.

15



Remark. A finite simplicial complex K C R¥ is a topological space when equipped
with subspace topology from R .

Remark. Second condition implies that two simplices can meet in at most one
common face (this is important when considering quotient topologies and identifying
edges with each other). It also implies that any set of n vertices defines either only
one or no n-simplices in K.

Definition. Triangulation of topological space X is homeomorphism A : X — K
for some finite simplicial complex K. We say K triangulates X. X is triangulable
if it has at least one triangulation.

Remark. If a triangulation exists, it is not unique.

Example. The black and blue figures are simplicial complexes that triangulate S*:

> O

9.2. Simplicial maps

Definition. A map f: K — L between finite simplicial complexes K and L is
simplicial if

o For every vertex v of K, f(v) is a vertex of L.

o If 0 = (vy,...,v,) is simplex o in K, f(o) is simplex of L with vertices

f(vg), .., f(v,,), where map f|, is defined linearly as

f (i Aﬂ%) = i Aif(v;)
i=0 i=0

Remark. Vertices f(vg), ..., f(v,,) of simplex f(o) may not be distinct, so f(o) may
be simplex of lower dimension than o.

Remark. For triangulations hy : X — Ky and hy : Y — Ky of topological spaces
X and Y, a simplicial map f : Ky — Ky induces amap F: X —Y by F =hyto fo
hx.

Example. F:S' — S F(e'™) = e* is the 2 times map. Let f: K; = K,,

f(v;) = W; poas, [ is simplicial map. Then F' is induced by f, where K; and K, are as
below:

16
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9.3. Barycentric subdivision and simplicial approximation
Definition. Barycentre of o* = (v, ...,v,) C RY is

— 1
ob = k+1(v0+---+vk)€]RN

Example.
o Barycentre of 0-simplex is itself.
e Barycentre of 1-simplex is midpoint of the line.

Definition. Let K C RY be finite simplicial complex. First barycentric
subdivision of K is the simplicial complex K1) such that:
o The vertices of KV are the barycentres o* for every simplex o in K.

1)

e The vertices o%o, ...,o*m € K1) span an m-simplex in K(!) if the original simplices

oo, ...,a%= in K are (up to relabelling) strictly nested:

where o < o7 iff o¢ is i-face of 07 with i < j (thus ky < -+ < k).

Definition. The rth barycentric subdivision of K is defined inductively for r > 1 by
K = ( K(r—l))“)_

Proposition. Let K be finite simplicial complex.

o If K is triangulation of topological space X, then so is K" for all r € N.

 Each simplex in K is contained in a simplex of K.

o If dim(K) = n, then length of longest 1-simplex in KV is at most n/(n 4 1) times
length of longest 1-simplex in K.

Theorem (Simplicial approximation theorem). For each i € {1,2}, let h, : X, — K,

be triangulation of topological space X, by finite simplicial complex K. Let f :

X, — X, be map. Then Ve > 0 there exist n,m € N and a simplicial map s : K%n) —

Kém) such that for F := hyo fohy?,
s~F and VreK,, |F(z)—s(z)|<e

10. Surfaces

10.1. Surfaces
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Definition. Let S be Hausdorff, compact, connected topological space.

« S is surface if for all x € S, there exists U C S such that x € U and U = E? or
U=E*N(RxRy,) = E*NR3.

e« Boundary of S, 05, is set of all x € S such that there is not a U C S with x € U
and U =~ E2.

o Interior of S is int(S) := S —98S.

o S is closed surface if S =) (S is locally Euclidean of dimension 2).

o S is surface with boundary if 45 # 0. Surface with boundary is closed surface
from which interiors of finite number of pairwise disjoint closed discs have been
removed.

Definition. Let K be finite simplicial complex, x € K. Open star of x in K,
St(z, K), is union of {z} and interiors of all simplices containing z.
Example. Let K be 2d finite simplicial complex, x € K.
o If there exists a 2-simplex 0 C K such that z € int(0?), then St(z, K) =
int(0?) = E2.
o If there exists a 1-simplex o' C K such that z € int(co'), then
St(z, K) = int(o!') U {int(c?) : o' is face of 0* C K,0? is 2-simplex}

Here, St(z, K) = E? iff there are exactly two 2-simplices meeting along o.
o If x € K is vertex, then

St(z, K) = {z} U {int(c!) : = vertex of ' C K, o is 1-simplex}

U {int(c?) : z vertex of 0 C K,0? is 2-simplex}

Here St(z, K) = E? iff z is vertex of n > 3 2-simplices, and along any of its edges
containing x, each of these 2-simplices meets precisely one other 2-simplex (from
the remaining n — 1).
Lemma. Let M be topological space triangulated by connected, finite simplicial
complex K. Then M is closed surface iff

Vr e K, St(z,K) =~ E?

and the ways that this can happen are as listed above, with exactly two 2-simplices
meeting along each 1-simplex.

Remark. If h: M — K is triangulation of topological space M and dim(K) # 2,
then M is not closed surface. It is enough to check the open star condition (in above
example) at all vertices of K: if there is € K such that St(x, K) 2 E?, then there
exists vertex v of K such that St(v, K) % E2.

Corollary. Let X topological space, triangulated by connected finite simplicial
complex K, dim(K) = 2. Then X is closed surface iff for every vertex v € K,
St(v, K) = E2.
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Remark. This means X is closed surface if open star of every vertex of triangulation
of X is homeomorphic to union of two copies of E2 NR? glued along the parts of
their boundaries that are contained in E? N Ri.

Remark. If we remove an edge from the open star of a vertex, and this produces a
disjoint union of open sets, the original space cannot be a surface, since removing a
segment from E? yields a connected space and removing a segment from E? N Ri
yields either a connected space or a disjoint union of two non-open sets.

Definition. Real projective plane is closed surface arising from identifying the
edges of the unit square with the following:

P=(IxI)/~, (2,00~(1-2z1), (0,y)~(1,1-y)
It may also be defined as quotient of S? by identifying diametrically opposite points:
P=S2/~, V€82 z~-—2

10.2. Orientations on surfaces
Definition. An orientation on R? is choice of direction in which to travserse
circles around the origin. There are exactly two choices.

Definition. Simple closed curve in topological space is subspace homeomorphic
to circle, i.e. connected curve with no self-intersections and ends where it begins.

Definition. Surface S is orientable if for all z € int(S), any choice of local
orientation at x is preserved after translation along any simple closed curve in int(.S)
containing z. S is non-orientable if there exists z € int(S) and simple closed curve
C C int(S) through z such that translation along C reverses any choice of local
orientation at x. Every surface is either orientable or non-orientable.

Remark. Orientability or non-orientability respectively correspond to the surface
having two sides or one side.

Example. S2% T are orientable. Mobius band and Klein bottle are non-orientable.
Lemma. S is non-orientable iff it contains subspace homeomorphic to Mobius band.
Theorem. Let S;, S, be homeomorphic surfaces. S; is orientable iff S, is orientable.

Remark. 2-simplex can be given orientation by drawing a direction around it
(anticlockwise or clockwise) or by drawing direction around its boundary. A 2-simplex
can be oriented in 2 ways, which can be represented by ordering of the vertices:
(vg, V1, Vg), (V1,V9,vy) and (vg, vy, v;) represent same orientation, (v, vy, vg)
represents different orientation.

Definition. Let K finite simplicial complex that triangulates surface S such that all

2-simplices in K are oriented.

e The orientations of two 2-simplices in K which share an edge are compatible if
they induce opposite orientations on the shared edge.

o K is A-orientable if there exists choice of orientations on its 2-simplices such
that any two 2-simplices which share an edge have compatible orientations. Such a
choice, if it exists, is a A-orientation on K.
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Theorem. Surface is orientable iff one (and so every) finite simplicial complex which
triangulates it is A-orientable.

10.3. Constructions on surfaces

Definition. For surfaces S}, 5,5, their connected sum, S;#5S,, is obtained by

removing the interiors of one small open disc from interior of each surface, and

identifying the two newly formed boundary circles. If S;, S, oriented, directions

around the boundary circles induced by the respective orientations must be identified

such that the directions are opposite to each other. Then S;#S, inherits an

orientation which agrees (upon restriction) with those of the original surfaces S; and

S,.

Proposition.

o Since S, S5 connected, it does not matter which two open discs are removed, the
result is the same up to homeomorphism.

e # is commutative and associative.
e S? is the identity for # operation: M#S? >~ M.

Definition. For g € N, closed orientable surface of genus g (g-holed torus) is

Mg = S2HTH. - #T
N — e’
g times

Example. The Klein bottle is given by K = P#P.

Definition. Adding handle to surface S is as follows: remove two open discs from
S. Attach the ends of cylinder S x I to the resulting boundary circles. If S (and
cylinder) are oriented, require that the two resulting boundary circles are glued to
those of the cylinder with opposite orientations, which ensures the new surface is still
oriented. But if S is not orientable, this doesn’t matter, as all possible results are
homeomorphic.

Example.

e 52 with handle added is homeomorphic to the torus.
e S? with g handles added is homeomorphic to M, g

e M, with handle added is homeomorphic to M,, ;.

Definition. Attaching a cross cap (Mobius band) to surface S is as follows:
remove open disc from S, and identify resulting boundary circle with boundary circle
of Mobius band. Attaching a cross-cap always makes the surface non-orientable.

Example. Adding cross-cap to S? gives real projective plane P.

Remark. Connected sums of surfaces, surfaces with handles and surfaces with cross
caps are always surfaces.

11. Homotopy and the fundamental group
11.1. Homotopy

Definition. The stereographic projection is the bijection
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yl yn
p:8"—(0,..,0,1) > R™, (yg, .0y Yps1) P ey
( ! +1) 1 —Yni1 1 —Ynt1

Definition. Let X,Y topological spaces. Homotopy between maps f: X — Y and
g: X —=Yismap H: X x[0,1] —» Y with

Ve e X, H(z,0)=f(z)AH(z,1) =g(z)
f and g are homotopic, f =~ g, if there is a homotopy between them. We can think
of homotopy as “path of maps” starting at f : X — Y and ending at g : X — Y for

t € 10,1], define h, : X —» Y, hy(x) = H(x,t), which varies continuously from f at ¢t =
Otogatt=1.

Example. Let f,¢g: R — R maps, then
H:Rx[0,1] =R, (z,t)> (1—1t)f(x)+tg(x)

is homotopy between f and g.

0.3 f€#1 0.79(x)
0.8 f€#1 0.2¢g(x)

N ~— .

Example. Consider S' C C, so S* = {e"™ : s €[0,2)}. Let a: S' — S* be the
antipodal map, a(e™®) = —e™*. Then a ~ id, with homotopy given by H : St x
I — Sl, H(eiws) — eim(s+t)

Lemma. Homotopy is equivalence relation between maps.

Definition. Map f: X — Y is null homotopic if it is homotopic to a constant
map, i.e. to map ¢: X — Y with ¢(z) =y, yg € Y fixed.

Example. Identity map idp. : D? — D? is null homotopic: let ¢ : D? — D?, ¢(z) =
0. Consider H : D? x [0,1] — D?, H(z,t) = (1 — t)z, then H is homotopy between
idp2 and ¢, since H is continuous and H(z,0) = z = idp2(z), H(z,1) = 0 = c(x).
Definition. Map f: X — Y is homotopy equivalence if there exists a map g :
Y — X (a homotopy inverse) such that go f ~idy and fog=~idy. X and Y are
homotopy equivalent, X ~ Y if there exists homotopy equivalence between them.
If X ~Y, we say they have the same homotopy type.

21



Theorem. Homotopy equivalence is equivalence relation on topological spaces.
Example. Let P = {p} be the one point space, then D? ~ P: let f: D?> — P,
f(x)=p,g: P — D? g(p) =0. Then fog=1idp =~ idp. Now Vz € D? (go f)(z) =0
so go f~idps as go f is constant map.

Definition. Topological space X is contractible if it is homotopy equivalent to a

one-point space.

Example. Let X topological space. The cone on X is
CX = (X x [0,1])/ ~

where ~ identifies all points of the form (z,0) with each other, i.e. it collapses the
end X x {0} to a single point. We have D" =~ CS™"1.

Proposition. For all topological spaces X, the cone C'X is contractible.

Example. For a finite simplicial complex K ¢ RN, CK c R¥*! has vertices equal
to vertices of K together with P = (0,...,0,1) € R¥*1, Simplices in CK of dimension
> 1 are those in K together with all simplices (v, ..., v,., P) where (v, ..., v,) is

A A o)

simplex in K.
Lemma. Every contractible space is path connected.

Lemma. If X and Y are homeomorphic, they are homotopy equivalent (converse
does not hold).

Definition.

e It is useful to assume that every topological space X has a particular distinguished
base point z, € X.

e We then require that all maps and homotopies between spaces map base points to
base points.

o The pair (X, z,) is a based space.

o If K is finite simplicial complex and v, is vertex of K, then (K,v,) is pointed.

e A based map f: (X,z,) — (Y,y,) is a map X — Y and satisfies f(z,) = y,.

o A based homotopy H : (X,z,) x [0,1] = (Y,y,) between based maps f,g :
(X,zy) = (Y,y,) is homotopy H : X x [0,1] = Y with Vt € [0,1], H(zy,t) = y,-

o All results shown for homotopies are true for based homotopies.

11.2. The fundamental group

Remark. We consider circle S* as unit circle in C and give it base point 1.

Definition. A loop in based space (X, z,) is based map
A (S 1) = (X, x)
Equivalently, a loop in (X, z,) is path in X beginning and ending at z:
A:[0,1] = (X, zy), A0) =A(1) ==,

Two loops A, v : [0,1] — (X, z,) are homotopic if there exists based homotopy
between them, i.e. if there is map
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H:[0,1] x [0,1] — X,
Vsel, H(s,0)=\(s)
Vsel, H(s,1)=p(s)
VeI, H(0,t)=H(1,t) =z,

This corresponds with A being continuously deformed into u.

Remark. It is useful to represent based homotopy H between A and p on the unit
square. Bottom edge corresponds to A, top edge corresponds to u, right and left edges
are mapped entirely to z,. Horizontal line drawn across unit square represents loop in
(X, z,) and homotopy H describes path of loops from A to p. Vertical line describes
path traced from A(s) to u(s) under H.

Definition. Homotopy class of loop A in (X, z,) is
[A] ;== {p: ploop in (X, xq), u >~ A}
Fundamental group of (X, z,) is set of homotopy classes of loops in (X, z,):
T (X, zy) == {[\] : A loop in (X, z,)}
with group operation * defined by
* 11y (X, mg) X (X, @) = ™y (X, 7p),
(A1), [Ag]) = [Ag * Ag]
where concatenation (product) of A\; and A, is the loop in (X, z,) given by
AL x Ay 1 [0,1] = X,
AM(2s)  if0<s<3
“%{&@smﬁégsgl
Group identity is e : [0,1] = X, e(s) = z,, inverse of loop X is X : s = A(1 — s), then
[X] = [A]"" (equivalently, define [A] ™" = [X o w] where w: [0,1] = [0,1], w(s) =1 —s).

Remark. Group operation * is well defined, since if A\; ~ p; by homotopy H;, A\, =~
it by homotopy H,, then A; * Ay =~ p; * o by homotopy H where

His 1 Hy(2s,t) if0<s<z
s,t) =
H,(2s—1,t)if : <s<1
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Al A AL Ay

B
B

B
L > >

Lo H, =z Lo Hy, =, zy | Hy | Hyzy

Y
\

B
>

B
>

Hq 25 Hy o Mo

Associativity between (A % p) * k and (A * (u * k)) is shown by homotopy diagram
with (A% p) * k at bottom and A * (u * k) at top. At any intermediate time, path
traverses A at between 2 and 4 times speed, and correspondingly adjusts speed of k to
finish path at ¢ = 1. p is traversed at 4 times speed at all times.

A p K
Lo Lo
Y ,uw K
Can show identity e(s) = x, satisfies [A] * [e] = [e] * [\] = [A] with diagrams
A A
Zo Zo Zo Lo

Y e e Y
Can show that [A] * [\] = [\] * [\] = e by
e e
Lo Lo ) Lo
A by by Y

where, for the first diagram, a horizontal path at fixed ¢ is given by
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Definition. Let f: (X, z,) — (Y,y,) based map. Define a function
foim(X,zg) = 1 (YV,yg), fu([A]) :=[f oAl
Lemma. f,:7m(X,zy) — m(Y,y,) is well-defined and group homomorphism.

Proof.
o Well-defined: show that A\; ~ Ay => fo A; =~ f o\, (use definition of A\; >~ A,).
o Homomorphism: use that fo (A% u) = (foX)*(fopu).

Lemma. Let f,g:(X,z,) = (Y,y,) based maps, f ~ g (f and g are based
homotopic), then f, = g,.

Proof.  For loop X in (X, z), find based homotopy between fo A and go A in terms
of based homotopy H between f and g. O

Lemma. The operation of passing from based map f to induced homomorphism f,
preserves/respects composition and the identity, i.e. if we have
f g
(Xa xO) — (Y7 yO) — (Z7 ZO)
then (g ° f)* =Gy f* and (ldX)* = idﬂ‘l(X,:CO)'
Proof. Straightforward, just use the definition of f,. O

Corollary. Fundamental group is homotopy-invariant: if (X, z,), (Y,y,) are
homotopy equivalent, then

T (X, zo) =7 (Y, o)
Proof. Use definition of homotopy equivalent based spaces and above lemma, to

show the induced homomorphisms of the homotopy equivalences are inverse to each
other. ]

Theorem. Let X path-connected space, x4, z; € X. Then
T (X, 2g) = my (X, 2q)

Proof.

e There is path p from z, to z;.

e Let A loop in X based at z.

e Define p(s) = p(1 — s), define loop A, in X based at x; by
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p(3s) if s € ]0,1/3]
Ay (8) = 4 A(3s—1) if s €[1/3,2/3]
p(3s—2) if s € [2/3,1]

o Claim:
<I>p s (X, zg) = m (X, 2q), (I)p(P‘]) = [)‘p]

is isomorphism.

» Well-defined: show if A, u loops based at zj, A =~ u = A, >~ p,, by homotopy
diagram (merge p, A, p on bottom and p, u,p on top).

» Homomorphism: show (A X u)p ~ ), * p1,, using homotopy diagram (for each t €
[0, 1], we want to partially traverse p (until s = %) then back along p, before
traversing p).

» Isomorphism: show that ®; defined analogously satisfies ®; = (@p)_l

, i.e.
(Ap)z = A and (p5), = p for all loops A based at z, u based at z;. (Ast — 1,

want to retract the spurs p % p of the loop back to z;).

a

Notation. Write 7, (X) for fundamental group of path-connected space X (although
isomorphism between 7, (X, z,) and 7, (X, z;) is not canonical).

Proposition. Let X contractible space, then 7, (X) = 1, the trivial group with one
element.

Proof.

e Show we can omit based point in notation.

e Reason that there is only loop in one point space.

o Use definition of contractibility and above corollary.

Definition. Topological space X is simply connected if path-connected and

m(X) =1 (i.e. its fundamental group is trivial).

Example.

o m (S 1) =~ 7, where n € Z corresponds to homotopy class of n times map ¢,, :
S — 81, (2) = 2"

o m(S™) =1 foralln>2.

o m(T) =272

o m(P)x=Z/2.

11.3. Brouwer’s fixed point theorem
Theorem. Every map f: D? — D? has a fixed point:

dJrx e D?: f(z) ==z

Proof.
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 Assume no fixed point, so every x, f(z) € D? defines straight line L, passing
through D?.

o Define g(x) as point of intersection of boundary and L, (the one closer to  than
f(x)). Note g(x) = z if x € OD?.

o Let i:S! — D? be inclusion map of boundary circle to disc, then goi = idg:, and
g,°0t, = (g o 'L)* = idwl(Sl)'

e Obtain contradiction using Lemma 11.2.9 and Example 11.2.15.

12. Computing the fundamental group
12.1. Finitely presented groups

Definition. Free group on n letters z,,...,x,,, F" = (z,,...,x,), is the group
whose elements are finite words in the generators z, ..., x,, and their formal inverses

z7l, ..., 2, , where the group operation * is given by concatenation of words: x; *

x; = r;x;. Identity element is the empty word e. We assume Vi € [n], r,x;l =
~1
x; T; =e.

Notation. If k € Z, then define

e ifk=0

;?: z;.x; k>0

afl...x;l it k<0
Note. F™ is not abelian for all n > 2 since e.g. ;x4 # Tox,. Vn € N, F™ is infinite
group.

Example.
o F! = (x) = Z since every element is of the form z*, k € Z. There is isomorphism

¢ : F' — 7Z given by ¢(z) = 1.
o F?2=(x,y) 7% =7Z&7Z since zy # yx.

Definition. Finitely presented group is group which isomorphic to a group
denoted by the group presentation

(@15 s Ty [ 11500,

consisting of finite words in generators z, ..., z,, and their formal inverses

z1', ...,z ", subject to relations ry,...,r,, € F" = (z,,...,z,) (ie. Vj € [m], r; =
r;l = e), and group operation is concatenation of words.
Note.

e A finitely presented group is a quotient of a free group.
o Free groups on n letters are finitely presented (with no relations).
e Group presentations are not unique.

Example.
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o (x,y|xy™t) = (a) = F! = Z via isomorphism ¢ : (z,y | zy~') — (a) defined by
o(z) = ¢(y) = a since zy~! = e &= x = y so can replace every y in words of
(z,y | zy~!) with z, yielding an element of (z).

o Z/2=(z|z?) sincex=x"'and Vn €N, 7" =z" = e if n even, z if n odd.

o (z,y | zyz~ly™1) = Z? since xy = yx so the group is abelian. Isomorphism given
by ¢(z) = (1,0), ¢(y) = (0,1).

o (z,y|xyzly L y?) =Z xZ/2.

Definition. Let G, G, finitely presented groups, G; N G5 = 0, given by

Gy = (T, s@y | T4y Tn)s Go =Ygy Y | S1y-ev5 Sp)
Free product of G; and G, is the finitely presented group
G %Gy = (T, ooy Tpy Uiy ooy Ypm | T1s oovs Ths Sy -ovs Sp)

If H is another group and there exist homomorphisms i; : H — G, iy : H = G,,
then amalgamated product of G; and G5 with respect to H is

. . —1
Gy xpy Gy =Xy, ey Ty Yty oy Yk | T1seoey Ty S1y -5 Sp, 01 (R)i9(R) ™" Vh € H)

i.e. we impose the additional relations i;(h) = iy(h) for all h € H, on G * G4. G, *g
G, is finitely presented iff H is finitely generated.

Example.

o If H =1, then G, xy Gy = G, * G,

o If F™, F* are free groups, then F™ x Fk = Fntk,

. F"zFl*-u*Fl%Z*-n*Z(notthisis%Z"forn22).
o If G; =21, then

Gl * G2 = <y17‘--7yk: | 517-°-,8£ai2(h) Vh € H>

12.2. The fundamental group of a triangulated surface

Definition. Tree is finite, connected graph with no cycles.

Definition. Let K be connected, finite simplicial complex of dimension < 2.

e A maximal tree in K is tree formed out of the 0 and 1-simplices in K which
cannot be extended to any larger tree (and necessarily contains all 0-simplices).

e If L is maximal tree in K, maximal simply connected subcomplex M of K
(associated to L) is constructed as follows: let My = L and for each j € N, let M,
be subcomplex of K given by

M;,=M; ;U {2—simplices in K with two edges contained in M j—l}

Since K is finite simplicial complex, this process must stabilise after finite number
of steps. Let M be final subcomplex obtained.

Algorithm. Let K be connected, finite simplicial complex of dimension < 2, let
zy, € K be 0-simplex. To compute 7, (K, x;):

1. Find a maximal tree L in K.

2. Extend L to maximal simply connected subcomplex M of K.
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3.

4.

5.

Assign a direction and a label to each 1-simplex in K which is not contained in M.

The labels give the generators of a group presentation for 7, (K, ).

Impose relations on the labels as follows:

1. For 2-simplices with exactly one edge in M: if the directions of the other two
edges, a and b, either both point towards or both point away from the edge in
M, impose the relation a = b. If one points towards and the other away, then
impose the relation a = b1.

2. For 2-simplices with no edges in M and with labels a, b, ¢: (up to permutation
of a, b, ¢) if the directions of b and ¢ point towards a common vertex and the
directions of a and ¢ point away from a common vertex, then impose the
relation ¢ = ab, otherwise (in this case, the directions form a cycle), if a has
direction pointing away from ¢ and b has direction pointing towards ¢, impose
¢ = (ab)"".

We have m (K, z,) = (labels | relations).

Note. We can use step 4 to more efficiently choose labels and directions in step 3.

Definition. Each directed 1-simplex in M¢ gives a basic loop (opposite choice of

direction yields the inverse loop).

Proof. (Proof of algorithm) Let K be connected finite simplicial complex, v, be 0-

simplex in K, L be maximal tree in K, M be maximal simply connected subcomplex

in K associated to L.

Simplices are convex, so every path in K is homotopic to one which passes through

only 0- and 1-simplices (with no doubling back). In particular, every element of

71 (K, vy) can be represented by a loop based at v, which passes through only 0-

and 1-simplices.

If v is O-simplex then v € L C M, and L has no cycles, so there exists unique path

from v to v, in L with no doubling back.

For all 0-simplices v € K, there exists unique homotopy class of paths in M from v

to vy and this class can be represented by a unique path in L that doesn’t double

back on itself.

Trees are contractible and so L is simply connected, hence M is simply connected.

Thus, if there is another path in M from v to v, there is a loop in M, which must

be null-homotopic. Hence, the paths must be homotopic in M.

If M¢ =K — M + (), it consists of 1- and 2-simplices (minus points on boundaries)

and every 1-simplex in M€ with a choice of direction yields a homotopically non-

trivial loop in (K, v,). Each vertex of a 1-simplex in M¢ can be connected back to
vy by a unique (up to homotopy) path in L. So each directed 1-simplex in M*¢
gives a basic loop (opposite choice of direction yields the inverse loop).

Every non-trivial loop in K is homotopic to a product of basic loops:

» If A is loop in (K, v,), we have A =~ p, where p is loop through only 0- and 1-
simplices (so p consists of a sequence of directed 1-simplices, with some in M
and others not).

» Every time p enters/exists M (necessarily at a vertex), draw a path through L
back to v,. This shows that p is homotopic to product of basic loops.
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o Therefore, by assigning labels to directed 1-simplices in M€, we obtain a list of
generators of 7, (K, vy).

o Also, 2-simplices in M€ give relations between the generators of m (K, v).

e So we have surjective homomorphism

(labels of directed 1-simplices in M€ | 2-simplex relations) — 7, (K, vg)
and this can be shown to be injective.

d

Example. Consider S! triangulated with three 1-simplices and no 2-simplices. A
maximal tree consists of two edges, the maximal connected subcomplex M is already
the maximal tree. There is one 1-simplex not in M and there are no relations (since
no 2-simplices). Hence m, (S',z,) = (a) = F' = Z.

12.3. Van Kampen’s theorem

Theorem (van Kampen's theorem). Let (K, v,) be based, connected finite simplicial
complex. Suppose there exists connected simplicial subcomplexes A, B C K such that:
e« K=AUB

e AN B is path-connected simplicial subcomplex.

e vy € ANB.

Then
T (K, vg) 22 (A, 0) *1 (anB,z,) T1(B; %)

where the homomorphisms (i) :m (AN B,vy) = m(A4,v), (ip), : m (AN B,vy) —
71 (B, vy) are those induced from the respective inclusion maps iy : ANB — A, ig:
ANB— B.

Proof.
e Find maximal tree L 45 in AN B. Extend to maximal trees L4 in A, Ly in B.
Then L = L, U Ly is maximal tree in K.
e Extend L 4.5, L4, Lp to maximal simply connected subcomplexes to M 45, M4,
Mpg. Then M = M, U Mg is maximal simply connected subcomplex in K.
o By the algorithm, 7 (K, v,) =
(directed 1-simplices in M€ | relations from 2-simplices in M€) where
{directed 1-simplices in M“} =D, U Dpg
:= {directed 1-simplices in A — M4}
U {directed 1-simplices in B — Mz}

and

{2-simplices in M} = {2-simplices in A — M 4}
U {2-simplices in B — My}
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o However, D, N Dy = {directed 1-simplices in (AN B) — M 4~5}. So to avoid
counting homotopy classes of twice, we identify corresponding generators in thre
free product m; (A, v) * 7, (B, v,), which gives the amalgamated product.

O

Example. Let W, be figure 8 space - the one-point union of two copies of S!, i.e.
two copies of S! joined at single point (the base point) wy. So W, = AU B where
A= B=_8' An B = {p}, the one-point space, is path-connected. m; ({p}, w,) = 1.
So

T (Wy,wy) 22 7y (ST, wy) %y my (ST, wg)

7Tl(Slawo)"<7T1(Sla’wo)

Example.

e Decompose torus as T = A U B where A is small closed disc in T, B is closure of
the remainder (i.e. remainder together with circle boundary of the disc) so AN
B =S

e B is homotopy equivalent to the figure-eight space so m;(B) = (x,y). A is
contractible so m;(A) = 1, and m; (A N B) = (z). But the loop going once around

AN B is homotopy equivalent to the loop going along the boundary of unit square

whose quotient gives T, which corresponds to zyz—1y~!.

e So by van Kampen’s theorem,
T (T) = 71 (A) *1 (anp) ™1 (B)
~ 1 *<Z> <CL', y)
= (z,y | 2)
= (z,y | ayz~ly™!) =2 Z°

since the image of z under the homomorphism h; : 7, (A N B) — A must be e.

13. Euler characteristics and the classification of
closed surfaces
13.1. The Euler characteristic of a graph

Definition. Let G be finite graph with v vertices and e edges. Euler
characteristic of G is

X(G)=v—e

Definition. Degree of vertex in graph of number of edge ends with that vertex as
endpoint (so degree of vertex with loop is 2).

Lemma. A non-trivial finite tree contains a vertex of degree 1.
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Lemma. Let G be finite tree, then x(G) = 1.
Proof. Induction of number of vertices. d
Lemma. If G is finite connected graph, then x(G) < 1 with equality iff G is tree.

Proof. Remove edges from cycles until G is a tree, note what happens to Euler
characteristic each time. d

Remark. x(G) is a homotopy invariant, i.e. G; =~ G5, then x(G;) = x(G,).

Theorem (Euler's Theorem). Let G be finite, connected graph drawn on S2. Then
S? — G consists of f =2 — x(G) faces (connected regions homeomorphic to open
discs).

Proof.

« Assume first that 2 — G consists of f connected regions homeomorphic to open
discs.

e If G has cycle, remove edge to obtain new connected graph G’. This means two of
the f regions are joined into one region, and x(G") = x(G) + 1. Hence x(G’) +
f=x(G)+ .

e Remove edges until resulting graph is tree T. Then S? — T = E?, a single
connected region. Deduce that x(G) + f = 2.

« Assumption was correct, since if T is tree then S? — T is always homeomorphic to
open disc. With reverse of above argument, every edge added to T' creates cycle
and divides disc into two sub-discs.

(]
Corollary. Let K be finite simplicial complex which triangulates S?, with v 0-
simplices, e 1-simplices and f 2-simplices. Then
v—e+ f=2
Proof. Let G = {0-simplices} U {1-simplices}, then G is finite connected graph and
S? — G = {interiors of 2-simplices}. O

13.2. The Euler characteristic of a surface

Definition. Let S be surface.

o Finite connected graph G C S is good if every connected component of S — G is
homeomorphic to an open disc.

e Let G C S be a good graph. The G-Euler characteristic of S is

Xa(S) := x(G) + (number of components of S — G)

Note.

e If S # 0 and G C S is a good graph, then 9S C G as a subgraph.

e Not every graph in a surface is good, e.g. if G is single vertex in the torus, then
T — G is homotopy equivalent to the figure 8 space.

Lemma. Let G, G’ be good graphs on surface S, with G subgraph of G’ (G’ is an

enlargement of G). Then
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XG(S) :XG/(S)

Proof.
e G’ can be constructed from G by sequence of one or more of the following
operations, none of which change x4(95):
» Add new vertex to interior of existing edge. This adds one vertex, one edge,
number of components in complement does not change.
» Add new edge between existing vertices. Number of components in complement
increases by 1.
» Add new edge and new vertex by attaching new edge at one to existing vertex
and at other end to new vertex. Number of components in complement does not
change.

O

Theorem. The G-Euler characteristic of surface S does not depend on choice of
good graph G.

Proof.

o Let G1,G, be good graphs on S. If S +# (), consider 9S as (possibly) disconnected
graph with {vertices} = {all vertices in (G; UG,) N 3S}.

o Position G such that it crosses G4 in only isolated points in int(S) = S — 9S.
Add new vertices at these interior intersection points.

e« Now G; UG, is common enlargment of G; and G, and a good graph, so result
follows by above lemma.

]
Definition. Euler characteristic of surface S, is x(5) := x(S) where G is any
good graph on S.
Theorem. Euler characteristic is homeomorphism-invariant: i.e. if S;, Sy
homeomorphic surfaces, then x(S;) = x(55).
Example. If surface S is triangulated by finite simplicial complex K with v 0-
simplices, e 1-simplices and f 2-simplices, then

xX(S)=v—e+f

Proposition. Euler characteristic is also homotopy-invariant: X ~Y = x(X) =
x(Y).
Proof. Non-examinable. O

Definition. For n-dimensional finite simplicial complex K, Euler characteristic is
defined as

Z (—1)*(number of k-simplices in K)
k=0

Lemma (Union Lemma). Let K = AU B be 2-dimensional finite simplicial complex
with A, B, AN B simplicial sub-complexes. Then
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X(K) =x(AUB) = x(A) + x(B) — x(AN B)

Proof. Express number of vertices, edges and faces of AU B in terms of those of A,
B and AN B. O

Lemma. Let X, Y surfaces. Then
X(X#Y) = x(X) +x(Y) — 2

Proof.
o For closed surface X, x(X — open disc) = x(X) — 1 (justify using triangulations).
e Use Union lemma with A = X — open disc, B =Y — open disc, AN B = S'.

Lemma. Let S be surface, let S, be S with cross-cap attached. Then
X(Sar) = x(S) —1

Proof.
o Sy =AUB where A= (S — open disc), B is Mobius band.

e Use Union lemma.

Lemma. Let S surface, let S be S with handle added. Then
X(Sy) = x(5) —2

Proof.

e Sy =AUB, where A = (S — 2 open discs), B is cylinder.
o AN B is disjoint union of S! and S, S]] 9;.

o Use Union lemma to show x(AN B) = 0.

e Use Union lemma again to deduce the result.

13.3. The classification of closed surfaces
Theorem (Classification Theorem for Closed Surfaces). The complete list of closed
surfaces, up to homeomorphism, is
« Orientable: for g € N,
M, = S?#T#--#T = 5* with g handles attached

N — e’
g times

e Non-orientable: for g € N,
N, = P#--#P = S? with g cross caps attached
N ——
g times
Since X(Mg) =2—2¢g and X(Ng) = 2 — g, a closed surface is classified up to
homeomorphism (its homeomorphism type) by its Euler characteristic and
whether it is orientable or not.
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Definition. Let K be finite simplicial complex that triangulates a closed surface S,
let L be sub-complex of K of dimension < 1. The thickening of L, ©(L), is sub-
complex of K2 given by the union of all 2-simplices in K® (including all their
faces) which meet L.

Proposition. Let L be 1-dimensional sub-complex of 2-dimensional finite simplicial

complex K. Then

e O(L)~L.

o If L is tree, then ©(L) is homeomorphic to closed disc D?.

o If L is simple closed curve (i.e. homeomorphic to S*) then ©(L) is homeomorphic
to either cylinder or Mobius band.

Lemma. Let K be finite simplicial complex that triangulates closed surface, let L be
1-dimensional sub-complex of K. Then

Proof.

o Let 0O(L) be boundary of ©(L) in K, let C = O(L) — L —0O(L) (note C is not
simplicial complex).

e By definition, L, 00 (L) and C are pairwise disjoint and ©(L) = LUJO(L)UC.

o By Union lemma, x(0(L)) = x(L) + x(00(L)) + x(C).

Definition. Let K finite simplicial complex that triangulates closed surface.
e« A maximal tree in K is tree formed out of the 0- and 1-simplices in K which
cannot be extended to any larger tree (and necessarily contains all 0-simplices).
e For maximal tree L in K, dual graph of L, L* C K, is defined as follows:
» The vertices of L* are the barycentres of the 2-simplices of K.
» Two vertices of L* are joined by an edge iff the corresponding two 2-simplices
meet in a 1-simplex not in L.

Proposition. Let L be maximal tree in K.

e L* is connected.

« O(L)UB(L*)=K? >~ K.

e ©(L)NO(L*) = boundary of disc (L) == S*.

Theorem. Let K finite simplicial complex that triangulates closed surface. Then

X(K) =1+ x(L*) <2 (where L is maximal tree in K) with equality iff K =~ S2.

Proof.

e Let L be maximal tree in K with dual graph L*. Use Union lemma and above two
propositions to show x(K) < 2.

o Show if x(K) = 2 then L* is tree, conclude that K is homeomorphic to union of
two closed discs glued along their boundary circles, so is copy of S2.

Lemma. Let S be closed surface. Then (S + handle) = S#T.
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Proof.

e Up to homeomorphism, we can always arrange that a handle is attached to the
interior of a region homeomorphic to a closed disc in S.

e So S+ handle = (S — open disc) U (T — open disc) = S#T.

Lemma. Let S be non-orientable closed surface. Then (S + handle) = S#K =
SHPHP =~ (S + 2 cross caps).

Definition. Let L be maximal tree in finite simplicial complex K with dual graph
L*, let C C L* be a cycle. Then C' is a non-separating simple closed curve.

Definition. Performing surgery along a non-separating simple closed curve C' is the

following process:

« Remove interior of ©(C) from K2 ~ K =~ §, giving a simplicial complex K?) —
int(6©(C)) which has either two holes (if ©(C) = cylinder) or one hole (if ©(C) =
Mobius band), with the boundary of each of these holes being a triangulated
circle.

o Glue triangulated closed discs onto each boundary circle to “cap off” the holes.

o This gives a new finite simplicial complex K’ which triangulates a closed surface
S’. So

S o

S’ + handle if ©(C) = cylinder
S’ + cross cap if ©(C) = Mobius band

(8") = x(8) + 2 if ©(C) = cylinder
X2 X(S) + 1 i ©(C) = Mobius band

Theorem. Up to homeomorphism, any closed surface can be obtained from a sphere
by adding a finite number of handles and/or a finite number of cross caps.

Proof.
e Let S be closed surface, triangulated by a finite simpicial complex K. Let L be

maximal tree in K with dual graph L*.

o Then x(S) = x(K) =1+ x(L*). If L* is tree, then x(S) =2 so S = §2,

e So suppose L* contains cycle C, i.e. a simple closed curve.

e We show we can always reduce to the case that the dual graph is a tree by
performing “surgeries”, and hence, that S can be constructed from S2.

e Claim: the cycle C' C L* is non-separating, i.e. K — C is path-connected.

» Suppose not. Then each connected component of K — C must contain a 0-
simplex in K (since C C L* avoids them all).

» Clearly, 0-simplices in different components cannot be joined by a path in K —
C. However, L C K — C contains all 0-simplices by definition of the dual graph:
contradiction.

o Since C = S, ©(C) = cylinder or Mobius band.
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o Perform surgery along the non-separating closed curve:
» Remove interior of ©(C) from K? =~ K =~ S, giving a simplicial complex K2 —
int(6©(C)) which has either two holes (if ©(C) = cylinder) or one hole (if
©(C) = Mobius band), with the boundary of each of these holes being a
triangulated circle.
» Glue triangulated closed discs onto each boundary circle to “cap oftf” the holes.

» This gives a new finite simplicial complex K’ which triangulates a closed surface
S’. So

g S’ + handle if ©(C) = cylinder
~ | S’ + cross cap if ©(C) = Mobius band

($) = x(S) + 2 if ©(C) = cylinder
X | x(S) + 1 if ©(C) = Mobius band

e We can repeat this surgery procedure along cycles in “the” dual graph in each
such new surface obtained.

e This process must terminate after a finite number of surgeries in a closed surface
Z for which “the” dual graph (in every triangulation) has no cycles (i.e. the dual
graph is a tree, i.e. Z = §?), since each surgery increases the Euler characteristic
and x(S) < 2 for all closed surfaces S.

Corollary. If S is non-orientable surface, then S#T =~ S#K.

Corollary. Up to homeomorphism, every closed surface S is given by precisely one
of the closed surfaces

o If S is orientable: M, = S? + g handles = S2#T#--#T, g € N,.

o If S is non-orientable: N, = S? 4 g cross caps = P#.--#P where g € N.

Proof.

o If S orientable, then S can only be obtained by attaching handles to S? by above
theorem. So S? =2 §2 + g handles = M,. But X(Mg) = 2 — 2g so homeomorphism
type is determined by number of handles.

o If S non-orientable, then S = S? + k handles + £ cross caps, k >0, £ > 1. But
attaching handle to non-orientable surface is same as attaching two cross caps, so
S? = 52 + (2k 4 £) cross caps = Ny, . But x(N,) = 2 — g so homeomorphism
type is determined by number of cross caps.
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