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1. Basic notions in quantum information theory
The field is motivated by the fact that we want to control quantum systems.
1. Can we construct and manipulate quantum systems?

2. If so, which are the scientific and technological applications?

Entanglement frontier: highly complex quantum systems, which are more complex
and richer than classical systems. However, quantum systems have decoherence, which
classical systems don’t. “Quantum advantage” gives speed up over classical systems.

Quantum vs classical information theory:
e True randomness.

o Uncertainty.

e Entanglement.

Note we always work with finite-dimensional Hilbert spaces, so take H = C¥.
1.1. Qubits and basic operations

Notation 1.1 Vectors are denoted by |1) € C™, dual vectors by (1| € (C™)*, and inner
products by (¢¥]¢) € C. |¢)(¢| : C* — C™ are rank-one projectors.

Definition 1.2 Another important basis of C? is {|+),|—)}, where |+) = %(|0) +
1)) and |=) = Z5(|0) —[1)).
Definition 1.3 For an operator T : H — H, the operator norm of T is
|7 ()]
|71 = IT s = sup ——
I

Notation 1.4 Let B(H) denote the space of bounded linear operators, i.e. T" such that
IT| < oo.

Notation 1.5 Denote the dual of the operator T' by T, i.e. the operator that satisfies
(y|T(x)) = (T*(y)|z) for all z,y € H.

Definition 1.6 A quantum measurement is a collection of measurement operators

{M,} C B(H) which satisfies 3 MM, =1, the identity operator.

Given |¢), the probability that |n) occurs after this operation is p(n) = (¢| MM, |®).

. . . . 1 ..
After performing this operation, the state of the system is \/WM”M)' This is the

Born rule.

Example 1.7 A measurement in the computational basis is M, = [0)(0|, M; = |1)(1].
Note M, and M, are self-adjoint. Let [¢) = a|0) + a1]1). Then p(i) = (¢|M;|¢) =
2

|a;|“. The state after measurement is %]z), which is equivalent to |7).

Note that [1) and e®|y)) are operationally identical: the phase does not affect the
measurement probabilities.

Definition 1.8 A quantum measurement {A,} C B(H) is projective measure-
ment if the M,, are orthogonal projections (i.e. they are self-adjoint (Hermitian) and



Definition 1.9 An observable is a Hermitian operator, which we can express as its
spectral decomposition

M=) XM,

where {Mn}n is a projective measurement. The possible outcomes of the measurement
correspond to its eigenvalues \,, of the observable. Note that the expected value of the
measurement is

D Aap(n) =D A9 M, |6) = (6] M]0).
Definition 1.10 T :H — H is positive (semi-definite) (written 7 >0) if

(1| T|9) > 0 for all [p) € H.

Definition 1.11 A POVM (positive operator valued measurement) is a collec-
tion {E, } where each E,, = My M, for a general measurement {M,} (i.e.each E,, is
positive and Hermitian, and 3 E, =1).

Note that the probability of obtaining outcome m on |¢) is p(m) = (¢ |E,, |¢¥). We
use POVMs when we care only about the probabilities of the different measurement
outcomes, and not the post-measurement states.

Conversely, given a POVM {E,,} , we can define a general measurement {,/E,, },,.

Remark 1.12 Any transformation on a normalised quantum state must map it to a
normalised quantum state, and so the operation must be unitary.

Definition 1.13 The Pauli matrice are

10 01
o =1= {0 1]’ ox=X= {1 0}’

0 — 10

The Pauli matrices are unitaries, and we can think of them as quantum logical gates.

Definition 1.14 The trace of T : H — H is
tI‘T - tI‘M = ZM,” E (C,

where M is a matrix representation of T' in any basis (this is well-defined since the trace
is cyclic and linear).

Proposition 1.15 For any state |¢) and any operator A,

tr(Al¢)(¢]) = (#]A]¢).
Proof (Hints). Straightforward. O



Proof. tr(A|g)(#]) = >_.(i|A[¢)(¢]i) for an orthonormal basis {|i)}. Any basis where
|¢) = |j) for some j instantly yields the result. Alternatively, we have
tr(Alg)(g]) = D (il Alg)(oli) = Y _(gli)(i|Alo) = (#|I|Ald) = (¢]A|9).

1 A
O

Suppose we don’t fully know the state of the system, but know that it is |¢;) with
probability p,. We want to be able to consider the El p;|¢;) as a state, but this isn’t
normalised (except when some p; = 1). To solve this issue, we assume each |¢,) to the
rank-one projector |¢;)(¢;|, and we describe the unknown state by p = 3" p;[¢;)(®;/.
This gives rise to the following definition:

Definition 1.16 A density matrix/operator is a linear operator p € B(H) which is:
o Hermitian,

o Positive semi-definite, and

o Satisfies trp = 1.

1.2. Postulates of quantum mechanics (Heisenberg picture)
Postulate 1.17 Given an isolated physical system, there exists a complex (separable)
Hilbert space H associated with it, called state space. The physical system is described
by a state vector, which is a normalised vector in H.

Postulate 1.18 Given an isolated physical system, its evolution is described by a
unitary. If the state of the system at time ¢, is |¢;) and at time ¢, is |¢5), then there
exists a unitary U, , such that |¢y) =U, , [¢;).

This can be generalised with the Schrodinger equation: the time evolution of a closed
quantum system is given by ih<|@(t)) = H|¢(t)). The Hermitian operator H is called
the Hamiltonian and is generally time-dependent.

Definition 1.19 Let the spectral decomposition of H be

where the E; are the energy eigenvalues and the |E,;) are the energy eigenstates
(or stationary states).

The minimum energy is called the ground state energy and its associated eigenstate
is called the ground state. The (spectral) gap of H is the (absolute) difference
between the ground state energy and the next largest energy eigenvalue. When the gap
is strictly positive, we say the system is gapped. The states |E;) are called stationary,
since they evolve as |E;) — exp(—iE;t/h)|E;).

We have |¢(ty)) = U(ty,t5)|0(t;)) where U(ty,ty) = exp(—iH (ty —t;)/h) which is a
unitary. In fact, any unitary U can be written in the form U = exp(iK) for some
Hermitian K.



Postulate 1.20 Given a physical system with associated Hilbert space H, quantum
measurements in the system are described by a collection of measurements {Mn}n C
B(H) such that 5 M;M, =1, as in Definition 1.6, The index n refers to the
measurement outcomes that may occur in the experiment, and given a state |¢) before
measurement, the probability that n occurs is

p(n) = (¢|M; M, [ ).

The state of the system after measurement is —~— M,, | )

Vvp(n)

Postulate 1.21 Given a composite physical system, its state space H is also composite

and corresponds to the tensor product of the individual state spaces H, of each
component: H =H; ® - - - ® H .. If the state in each system i is |¢;), then the state in
the composite system is [¢;) ® - - ® [P n)-

Definition 1.22 Given |¢) € H; ® - - - @ Hy;, |¢) is entangled if it cannot be written
as a tensor product of the form |[¢;) ® - ® |¢,,). Otherwise, it is separable or a
product state.

Example 1.23 The EPR pair (Bell state) [¢T) = \%(]00} + |11)) is entangled.

1.3. Postulates of quantum mechanics (Schrodinger picture)
Postulate 1.24 Given an isolated physical system, the state of the system is completely
described by its density operator, which is Hermitian, positive semi-definite and has
trace one.

If we know the system is in state p; with probability p,, then the state of the system is
Pure states are of the form p=|¢)(¢|, mixed states are of the form p =

Zzpz‘¢z><¢z|

Postulate 1.25 Given an isolated physical system, its evolution is described by a
unitary. If the state of the system is p; at time ¢; and is p, at time ¢,, then there is a
unitary U depending only on t;,t, such that p, = Up,U".

Postulate 1.26 The same as Postulate [1.20, except we specify that after measure-
ment {M, } , the probability of observing n is p(n) = tr(M; M, p) and the state after
measurement is =M _pM?*.

p(n) PN

Postulate 1.27 The same as Postulate [1.21], except that the state of the composite
system is p = p; ® - - - ® p,,, where p, is the state of ¢th individual system.

Remark 1.28 The Heisenberg and Schrodinger postulates are mathematically equiv-
alent.

1.4. States, entanglement and measurements

Theorem 1.29 (Schmidt Decomposition) Let |1) be a pure state in a bipartite system
Hy,p=H, ®Hp, where H, has dimension N, and Hy has dimension Nz > N 4. Then



there exist orthonormal states {|e;) : 1 € [N4]} CH, and {|f;) : i € [N4]} C Hp such
that

Na
= Z)‘i‘ei> ® [fi)s
=1

where A; > 0 and }, A =1.

The A; are unique up to re-ordering. The A, are called the Schmidt coefficients and
the number of A; > 0 is the Schmidt rank of the state.

Proof. Let [) = 32,4 S7"% By|¢y) ® |¢,) for orthonormal bases {|¢y,) : k € [N4]} €
Hy, {|x,) : ¢ € [NB]} Q ]HIB Let (Bie) have singular value decomposition

Ulx oV,
where U is an Np X Ng unitary, ¥ is an N4 x N, diagonal matrix with non-negative
entries, and V is an N, x N, unitary. So

N4 Np

Bkﬁ Z Z Ukzzzg‘/;é - Z EuUkz il-

1=1 j=

Hence,

=D Biilkilér) ® Viglxe) = ZE (ijvki\qm) (Z m)

k. 1

le;) liB)
]

Proposition 1.30 |¢) is entangled iff its Schmidt rank is > 1. Otherwise, it is separable
(i.e. a product state).

Definition 1.31 Let |¢)) be a pure state in a bipartite system H 5z = H, ® H g, where
H 4 has dimension N, and Hg has dimension Nz > N,. |¢) is maximally entangled
if all its Schmidt coefficients are equal (to 1/4/N,4).

Notation 1.32 Write S(H {p €EBM):p=pl,p>0trp= 1} for the set of den-
sity matrices on H.

Definition 1.33 The partial trace over B, trg, on the bipartite system H, 5z =H, ®
Hp is the operator defined linearly by

trg: S(Hyp) — S(Hy),
lay){as| ® |by){by| = tr(|by)(by|) - |ay){aq].
Note that if py5 = ps ® pp, then trg pyp = tr(pp) - pa = pa-

Definition 1.34 Let p 45 be a density matrix in S(H,g). p4 = trg(pap) is called the
reduced density matrix or marginal of p,5 in A



Proposition 1.35 Let M, € B(H,). We have

tr(Mypa) =tr((My ®Ig)pap)-

for all pyp € S(Hy,g), pa =trg(pag). In fact, this can be taken to be an equivalent
definition of partial trace.

Remark 1.36 Let p,p = |¢)(¢| € S(H,p) be a pure state and let r,, be its Schmidt
rank. Then

pa = trp(|¥){(¥]) = Zpk|uk><uk|
k=1

So py is pure iff r,, = 1, i.e. iff [¢)) is separable.

Proposition 1.37 Let pyp € B(H,p) and py = trg(pap). Then:

1. trpy =trpyp.
If pyg =0, then py > 0.

2.
3. If p4p is a density matrix then p, is a density matrix.
4. We have

(D:lpaldi) =D (& ®Uy|paple; ®vy),

k
for an orthonormal bases {|¢;)} and {|1;)}.
5. f pyp=0,4Q®0p and tr(og) =1, then o4 = py.

Proof.

1. This follows from linearity of trace and the fact that tr(p ® o) = tr(p) - tr(o).
2. By 1, (¢ palep) = tr(palt)(s]) = tr(pap(|¢) (4| ®T)) = 0.

3. From 1 and 2, by definition.

O

Definition 1.38 Let p, € S(H,4) be a (pure or mixed) state. We may introduce an
auxiliary space Hp of dimension rank(p,) and construct a pure state |p,p) € Hy ®
Hp, such that py = trg(|¥4r){(¥4sg|)- This is called purification.

Remark 1.39 Let {M;'} beaPOVMinH,. Then {M; ® Iz} isaPOVM inHyp.

Theorem 1.40 (Naimark) For every POVM {En}::1 C B(H), there is a state |¢) €
C™ and a projective measurement {Pn}r: , € B(H® C™) such that

tr(pE,) = tr((p @ [¥)(¥)P,) Vn € [m],Vp € S(H).

2. Quantum channels and open systems

2.1. Quantum channels

Definition 2.1 A quantum channel is a linear map 7T : S(H,,) — S(H,,;) which
satisfies:

o Preserves trace: tr(T(p)) = tr(p) for all p € S(H,,).



o Positive: if p > 0, then T'(p) > 0.
o Completely positive: for all p,oif p® 0 >0, then (T QL,)(p®0c)=T(p) 0o >
0 (note that this implies the second condition, but the converse is false).

So quantum channels are completely positive trace-preserving (CPTP) maps. We may
depict a quantum channel T' as follows:

Example 2.2 Examples of quantum channels:

o Unitary evolution: p = UpU*.

o Adding an ancilla: p = p ® pg (the E denotes “environment”).
o Partial trace: p = trg(p) or p > tr,(p).

We will see that in fact, any quantum channel is a combination of these three.

Definition 2.3 We define the maximally entangled state in (Cd)®2 as

1 d
|¢) = W;Ikk%

Definition 2.4 Recall the transposition map is defined as
©:A— AT, (ilAT[j) = (j]Al7).
We define the partial transpose by its action on the maximally entangled state |¢) =
d ..
é Zi:l |4):
) 1
(I2) (@)™ = (I¢)(e])"r = (@ @id)(|$){¢]) = S F,
where F' = Z?jz L|i7)(ji] is the flip operator. Note the partial transpose is positive but
not CP. Alternatively, we can define it by its action on an orthonormal basis:
(ij| XTa|ke) = (kj| X |i€).

Remark 2.5 Note that the partial transpose is useful for detecting entanglement but
is not physically implementable (as not CP).

Definition 2.6 Let T : B((CdXd) — B((Cd/Xd/) be a linear map. The Choi-Jami-
olkowski matrix C € B((Cd/ ® (Cd) of T' is defined as

C:= (T ®idy)[¢)(4].
Note that in fact, C € S ((Cd/ ® (Cd) is a density matrix if T" is a quantum channel.

Remark 2.7 Note that the Choi-Jamiolkowski matrix completely determines T": since

) (S| = éZim:Jnn}(mmL we have



(ij|Ckt) = (G [(T(In){m]) ® [n){m])| kL)

1

ISH

(| T(15){€]) k),

SHE

(gln) - (m]€) - G|T(ln)(m|)|k) =

1

IS

3 3
M~ 3 [~

and so we can determine any entry of any T'(p) by linearity. This state-channel duality
is called the Choi-Jamiolkowski isomorphism, and can be expressed as

tr(AT(B)) = dtr(CA® BT) VA€ B(C?),Be B(C?).
Indeed, let F|ij) = |ji) be the flip operator: note that F72 = d|@){¢|, then if d = d’,

dtr(C(A® BT)) = dtr((T ®id,)(|9)(¢]) (A ® BT))
= tr(F72(T*(A) ® BT)) = tr(T*(A) ® B) = tr(AT(B)).

Definition 2.8 The Hilbert-Schmidt inner product of A, B € B(Cd) is
(A|B)yg :=tr(A*B).

Theorem 2.9 (Characterisation of Quantum Channels) Let T : B(C?) — B ((Cd/) be

a linear map. TFAE:

1. T is a quantum channel.

2. Let C=(T®1,)(|¢)(#]) be the Choi-Jamiolkowski matrix of T, then C > 0 and
tr,(C) = 11,. / /

3. Kraus decomposition: There exists {Ak}zdzl C C¥*4 with ZZil A A, =1, such
that

dd’

T(p) =Y AppA; Vpe S(CY).

k=1

We call the number of non-trivial A, in the Kraus decomposition the Kraus rank
of T

4. Stinespring dilation: there exists a unitary U on C% ® C%" and a state |y € cad’
such that T'(p) = try(U(p ® 1) (yp|)U*) for all p € S(C4).

Proof (Hints).
e 1= 2: straightforward.
e 4 = 1: use that compositions of quantum channels are quantum channels.

O
Proof.
e 1= 2:C >0 follows from the completely positive property of T" and linearity. Also,
1 4
n(C) = > a(Tln)(m]) - n)(ml
n,m=1



=3 Z tr(|n)(m|) - |n){(m| since T preserves trace

n,m=1

= %Zém’rA dZ'n - _]Id

e« 2= 3: we use that (verify this) (A®1I)|¢) = (I® AT)|¢) for all A € B(C?), where
|¢) is the maximally entangled state, and that V|¢) € C%°, there exists A such
that |¢) = (A®T)|¢). Since C' > 0, we can write C = sz:lwk)(wk] (|1y) are not
necessarily normalised). So

dad’

C =Y (A4 ®DIg)(#l(4; T

k=1

= (T ®Dlg) el
Also,

) d
E]I =tr (C) = Z(nl |Cialnq)

d dd
%ZZ (I® AL)(16)(9) (1® A,)[n)

d dd’ d
:Z "|Z (I® AL) d(z |kk><€€\) (Te4,)|n)
n=1 k=1
1 & dd d _
EZZ > (nlk)(£|n) AL k) (LA,
n=1m=1 k,£=1
1 A ad’ .
== ALin)(nl4,,
n=1m=1
1 dd’ .
— 23" ATA
dm=1

So we set /I =A, .
e 3=>4:let V= de A ® |k> ‘where {|k)}¢4 is an orthonormal basis of C4. V/
is an isometry, i.e. V*V Z A4 =1 Then for all p € S(Cdd ), since (4; ®

k))p = (App) ® [F),

dd’
b1y (V V™) = by ( 3" (App4)) © k) <er>

k=1
dd’

= > (AppA7) tr(|k)(e])

k,0=1
dd’

= Z AppAr, =T(p)
k=1

10



Now choose V =U(I® [¢)) for some pure state 1)) and unitary U.
e 4 = 1: the maps

p=p @)Y= Ulp @ [)(Y))U = try(U(p @ [¢)(¥])U7)
are all quantum channels, and so their composition is also a quantum channel.
d

Remark 2.10

e The number k in the Kraus decomposition is called the Kraus rank of T', which is
the same as the Choi rank (rank of the Choi-Jamiolkowski matrix). Note: this is not
the same as the rank of T as a map.

o We can always express T with r = rank(C) Kraus operators which are orthogonal
(w.r.t Hilbert-Schmidt inner product), since T' is a completely positive linear map.

e Two sets of Kraus operator {K j} and {J,} represent the same map T iff there exists
a unitary U such that K; = > U, J,.

2.2. Examples of quantum channels

Definition 2.11 In two dimensions, there are three kinds of errors:
1. Bit flip errors, modelled by the Pauli X: |0) - |1), [1) > |0).

2. Phase flip error: modelled by Pauli Z: |0) — |0), |1) - —|1).

3. Combination of bit and phase flip errors: modelled by Pauli Y.

A map describing the depolarising channel is

Upons: 1) = VI Bl) 2 ® 0) + \/§<X\¢>A © 1)+ YI0)a ® 205 + Z10) 4 ®13)5)

(the environment Hp has dimension 4). We can express this in the Kraus decompo-
sition: let M, := (a|gU4s_ap, a € {0,1,2,3}, and M, = /1 —pl, M; = +/p/3X, M, =
Vp/3Y, My = +/p/3Z. 1t is straightforward to see that

3
S MiM, = (1—p+£+£+2—)>]121[.
2 37373

The channel is T'(p) = (1 —p)p + £(XpX +YpY + ZpZ). For arbitrary dimensions D,
the depolarising channel is p = (1 —p)p + po, where o € S(CP), usually o = I/d.

Definition 2.12 The phase damping channel is the map

p= [Poo 1001} Ly [ Poo (1 _P)Pm].
P10 P11 (1 —p)Pm P11

Let the environment have orthonormal basis {|0), |1),]2)}, then the state representation

1S

0)a = V1=p0)4®[0)g +pl0)4 ®[1)5
Dar= VI=p1)4®[0)p+Vp1)4®[2)5

11



The Kraus operators are My =+/1—p-1I, M; = ,/p|0)(0|, M, = ,/p|1)(1]. We have
M+ M7+ M3 =1 The map is T(p) = (1 —p/2)p+ ipZpZ.

Definition 2.13 A density matrix p € S(H, ® Hp) is separable if it can be expressed
as a convex combination

p=>Y pip®ap,
%

where p; >0, 37 p; =1, and p € S(H,) and 0P € S(Hp).

Definition 2.14 A quantum channel T is entanglement breaking if its Choi-
Jamiolkowski matrix is separable. This is equivalent to the existence of a POVM {M, }
and a set of density matrices {p,} such that T'(p) = >_, tr(Mp)py.

2.3. Properties of channels
Remark 2.15 Let |¢p) € Hy ® Hp, d = min{dim H 4, dim Hg}, not necessarily nor-
malised. The Schmidt decomposition is

d
[P) = Z)‘j|ej> ® |fj>a
j=1

A; >0, Zj /\§ = (Y|v¢), {ej}, {fj} orthonormal bases.

The reduced density operators of |1) are diagonal in the bases {\ej) }, {] fj>}, with eigen-
values A3. Conversely, if p, € S(H,) has spectral decomposition p, = Zj Asle;)(e;l,
then |¢) provides a purification for p, = trgz(]1)(¢]); the minimal dilation space we can
choose, H, ., has dimension rank(p,). If |¢) e Hy @ H, ..,
of p, are of the form |¢") = (I, ® V)|¢), with V € B(H,,,,
all purifications are related by I, ® U with U an isometry.

Proposition 2.16 (Equivalence of Ensembles) Let {|y;):j € [M]} and {|¢,): € €
[N]} be (not necessarily normalised) ensembles. Then

> bl = "l (¢l
j=1 £=1

iff there is an isometry U € CM*N such that |¢;) = Zé\il Uselde)-

Proof (Hints).
e <: straightforward.
o —: explain why we can assume that p = Zj|¢j)(wj| and 0 =3 [¢y){(¢,| are density

then all other purifications
Hy) an isometry. Hence,

matrices. Consider purifications of p and ¢ which use the same orthonormal basis in
the dilation space.

O

Proof.
o <=: this is straightforward to show.

12



o —: WLOG (by rescaling p), we can assume p := Zj|¢j)(¢j| is a density matrix. We
have p = trz(|1)(¢|) (through purification), where |¢) = ZJW]) ® |7). Similarly, let
|9) = >_,190) ® [£) (so we use the same orthonormal basis {|¢)} = {|;)}). So |[¢) and

|¢) differ by a unitary (or an isometry if the dimensions are not equal), hence |¢) =
(1®U)|¢). Taking the scalar product with (j[, we obtain [¢;) =37, Uje|dy)-

O

Notation 2.17 Let T}, T, be linear maps. Write T, > T} to mean T, — T is completely
positive. By the Choi-Jamiolkowski isomorphism, this is equivalent to Cy > C; where
C,; is the Choi matrix of T} (i.e. Cy — C is positive semi-definite).

Theorem 2.18 Let T3,T; : C¥*xd" _5 C4%d he completely positive maps, with T, >
T,. Let V; : C¢ = C% ® C" be Stinespring representations for T} (i.e. T;(A) = V;* (A ®
]Iri)Vi), then there is a contraction (i.e. W*W <1I) W :C" — C™ such that V| =
(Iy ® W)V5.

Moreover, if V,, belongs to a minimal dilation, then W is unique.

Proof (Hints).

Proof. We use the equivalence T, > Ty < C, > C,. Define the map
R, = (I, ® (¢])(V;®1,) € B(C?®C¥,C")
Let |¢) € C?® C?. We want to show ||R2|¢>||2 > ||R1|¢>||2 Indeed,

[Ro|9)I” = (¥ R Ry |0)
= (V5 ®Ly)(I,, ®9)) (I, ® (¢]) (V2 ® L) [ %))
= (P[(T; ®id)(|9){(#]))
= (P Col¥) = (P[Ch[9).
And (¢|Cy|9) = |R,|¥)|* by the same argument. So there exists a contraction W :

C™2 — C"1, such that Ry = WR,. So V; = (I, @ W)V,. If ro = rank(C,), then R, is
surjective, and so W is uniquely determined. O

Theorem 2.19 (Radon-Nikodym) Let {T;} be a set of CP maps such that }_ T; =
T e B((Cd/Xd’, (CdXd) with Stinespring representation T'(A) = V*(A®L,)V. Then there
exists a set of non-negative operators P; € C"™" such that } . P, =1, and T;(A4) =
V*(A® P,)V.

Remark 2.20 Since T'=}_ T;, this gives T(A) =3 V*(A® F;)V, where {P;} is
a POVM. This gives an identification between quantum channels of this form and
POVMs.

Definition 2.21 An instrument is a set of CP maps {7;} whose sum is trace-
preserving.

13



TODO: insert diagram.

Remark 2.22 Instruments encompass the notions of quantum channels and POV Ms:

« We can assing a quantum channel T :pt> 3> T;(p). (Measurement outcome
ignored.)

o By contrast, POVMs ignore the quantum system: p, = tr(T;(p)) = tr(T;(p)l) =
tr(pT; (1)) =: tr(pM;): {M,} is a POVM.

Remark 2.23 Instruments can viewed as a special case of quantum channels by
assigning to them the quantum channel

pr S Tilp) @ li)il,

where {|i)} is an orthonormal basis.

Proposition 2.24 (Quantum Steering) Let p € B(H,) be a density operator with
purification |¢) € Hy ® Hp. Let p=3. A;p; be a convex combination. Then there
is an instrument {7;} with each T,: B(Hg) — B(Hpg), such that \,p;, =trg((I®

T;)([9)(41))-

2.4. Description of open quantum many-body systems

Assume evolution is

dt
pse(t) =ps(t) ® pp = psp(t +dt) = pg(t +dt) ® pp(t +dt) = pg(t +dt) ® pp

Definition 2.25 A quantum Markov semigroup is a l-parameter continuous
semigroup {7, : t > 0} of quantum channels (so each T, : S(H) — S(H)).

Note that Ty =T and T, o T}, = T}, ,. We have

d
&Tt:zL‘OTt:T«tofC,

where £ is the infinitesimal generator of the semigroup, called the Liouvillian or
Lindbladian. This equation is called the master equation or Liouville equation.
This gives

T, = et*.
2.5. Separability criteria
Notation 2.26 Let A(H) denote the set of bounded linear Hermitian operators on H.

Definition 2.27 The covariance (or operator correlation) of p between subsystems
A and B is

Cor,(A: B) = sup  |tr(pMTg) —tr(pM4) tr(pMg)|,
Ml IMp|<1

where M, € A(H,), Mg € A(Hg), and |-| is the standard operator norm.
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Example 2.28 If p is separable, then Corp(A : B) measures classical correlation. If
p=pa® pp, then Cor,(A: B) =0.

Definition 2.29 Let |¢) = Ele VPile;) ® | f;) be the Schmidt decomposition of [¢) €
Hy ® Hg. Let p = |[¢)(¥|. The entanglement entropy of p is the Shannon entropy
of the probability distribution (py,...,p4):

d
Senr(p) = — Zpi log(p;)-

=1

Proposition 2.30

* Sgnt(p) = 0 iff the Schmidt rank of [¢) is 1.

e The maximum value of Spyp(p) is log(d), and is achieved iff |¢) is maximally
entangled, i.e. A\; = 1/d for all i € [d].

Proposition 2.31 (PPT Criterion) Let p € S(H, ® Hp). If pT4 has a negative eigen-
value, then p is entangled.

Proof (Hints). Prove the contrapositive. O
Proof. Assume p is separable, so p = Zj pjp;1 ® ,0;3 . Then

pTa = (@ ®id)(p) = ij(pj‘)T ® p?,

and so pTa >0, as it is a sum of positive matrices. O

Definition 2.32 Write Sgpp = {separable density matrices}, which is convex and
compact. By the Hahn-Banach theorem, for all p ¢ Sqgp, there exists a hyperplane
determined by a Hermitian operator w such that tr(pw) < 0 and tr(ocw) > 0 for all o €
Sgpp. w is called an entanglement witness for p.

By the Choi-Jamiolkowski isomorphism, w corresponds to a map A via the following:
w= (A®idp)(|9)(¢])-

Remark 2.33 The entanglement witness corresponding to the transposition map is
the flip operator F'.

Proposition 2.34 Let Hyp =H, ® Hy and let p € S(H,z). Then p is separable iff
(A®idg)(p) > 0 for every positive map A : B(H,) — B(H,).

Proof (Hints).
o —: straightforward.
« —: TODO.

g

Proof. =>: let p be separable, so we can write p = Zj p;p; ® 0. Then for every positive
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(A@idg)(p) = 3 AA(p)) @, 20,

since each A(pj) > 0.

<: let p be entangled. We want to find a positive map A: B(H,) — B(H,) such
that (A ® idg)(p) has a negative eigenvalue. By Definition 2.32), p has an entanglement
witness w, with tr(pw) < 0. By the Choi-Jamiolkowski isomorphism, this defines a map
A such that

w= (A" ®@idg)(|9)(4])-

Since tr(XY)=tr(F(X®Y)), and F =d|¢)(¢|, we have for all A€ B(Hy), B¢€
B(HB)a

tr(BTA(A)) = tr(F(A(A) ® BT))

= dtr((A ®idg)(A® B)(|¢)(4]))
=d(¢|(A®idg)(A® B)|¢).

TODO: finish. O

Remark 2.35

 In the above proof, we use that tr(pw) = d{¢|(A ®idg)(p)|¢) < 0 implies that (A &
idz) has a negative eigenvalue. However, the converse is false. Hence, the positive
map A corresponding to a witness w in fact “detects more entanglement” than w.

e It can be shown that A constructed from w detects an entangled state p iff p is
detected by a witness of the form (I ® X)w(I ® X*) for some X € B(Hpg).

Remark 2.36 Note that Proposition is a theoretical result but is not imple-
mentable (in a lab) since A is only required to be positive (but not CP). However,
the map

p

T(p) = 2

I;®I;+ (1 —p)(A®idp)(p)
is a CP map. If p is separable, then the minimal eigenvalue of T'(p) must exceed a
certain threshold. If it doesn’t exceed this threshold, then p is entangled.

Remark 2.37 Note that by using a change of abasis via a unitary U, we can obtain
a different partial transpose T4 from the “usual” partial transpose T'4:

pTa = (UT)((U* @ Dp(U 1) (U* @T) = (UUT) @ 1)p™ ((UUT)" 1) # pT4.

Note that this non-uniqueness of the partial transpose does not affect the previous
criteria, as they only deal with the eigenvalues, which are invariant under basis changes.
Also, we have pTA < pTa >0 < p’s >0, since pT4 and pT5 differ only by a global
transposition.
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Definition 2.38 A map A : B(H) — B(H) is called decomposable if A = A; + A, o
O, where A; and A, are positive maps and © is a partial transpose. Otherwise, it is
called non-decomposable.

Example 2.39 The entanglement witness corresponding to a decomposable map A =
AL+ Ay 00 isw=Q; +QF where Q; = d(A; ®I)(|¢)(4]) is the entanglement witness
of A,

Proposition 2.40 (Reduction Criterion) Let A,4(A) = tr(A)I — A. Note that A 4 is
positive. Proposition 2.34 gives us

®Iy > p
Ay ®I . )Pa® B AB
(A ® () {HA B2 pan

The entanglement witness corresponding to A, is (I — F)T4a = 2PT4_ where P_ is the
projector onto the anti-symmetric subspace (the space of anti-Hermitian operators). In
this case, we obtain

) 1
tr(pw) <0 iff (3]p]6) < 5.
where |¢) is the maximally entangled state.

Proof. Omitted. d

Remark 2.41 If H = C? @ C2?, PT4 is 1-dimensional, which gives that entanglement
being detected by w is equivalent to the PPT criterion.

Proposition 2.42 Entangled states with positive partial transpose exist iff there
are non-decomposable maps. Specifically, there exists a non-decomposable map T :
B(H,) — B(Hp) iff there exists an entangled state p € B(H ,) ® B(Hp) with positive
partial transpose pTA > 0.

Proof. Omitted. d
Proposition 2.43 Let p € S(C? ® C3) or S(C? ® C?). Then p is separable iff p74 > 0.

Proof (Hints). Use the fact that every positive A on a Hilbert space of dimension 2 ®
2 or 2 ® 3 is decomposable. O

Proof. This follows from the[PPT Criterion| and Proposition combined with the fact
that every positive A on a Hilbert space of dimension 2 ® 2 or 2 ® 3 is decomposable.
O

3. Quantum hypothesis testing

The goal of quantum hypothesis testing is to distinguish between quantum states

by using measurements. Given quantum states, the goal is to minimise the errors in

distinguishing them. There are two main frameworks:

 Binary/simple hypothesis testing: we have a null hypothesis p, and a alternative
hypothesis p;. The focus is on minimising either the Type I error (false positive) for
a given bound on the Type II error (false negative), or vice versa.
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e Quantum state discrimination: states are given with prior probabilities, and the goal
is to maximise the probability of correct identification.

3.1. Quantum state discrimination

Given an ensemble {p,, ..., p,,} C S(H) of density operators with corresponding proba-
bilities {py, ..., p,, }, where p, > 0 and Z?:l p; = 1. This can be interpreted as a set of n
hypotheses (the p;) with corresponding a priori probability p,. The goal is to maximise
the average probability of correct identification of the hypothesis. To discriminate
among the hypothesis, we use a POVM M = {M,, ..., M, }, and we want to maximise

n

P(M) := Ztr(Mjpjpj) = ij tr(Mjpj).
Jj=1 Jj=1
Note that the interpretation is as follows: we have an unknown quantum state p which
is distributed over S(H), where p = p, with probability p,. Given that p = p,, the
probability of the measurement M yielding the (correct) outcome i is tr(Mjpj). So
P(M) is the expected value of the probability of measuring the correct outcome.

Notation 3.1 Write M = span{(Ml, .y M,) € BH)", M; >20,>° M; = ]I} for the
span of the set of POVMs with n operators, and write P(M) = supysene P(M).

Notation 3.2 Write o, = p;p;.
Notation 3.3 For any POVM M, write L = Z?Zl M;p,p;, so that P(M) = tr(L).

Definition 3.4 A maximum likelihood measurement (or optimal measure-
ment) is a measurement (POVM) that achieves the supremum (i.e. the optimal
probability) in P(M).

Proposition 3.5 The supremum in P (M) is always attained, i.e. there is a measure-
ment M* such that P(M) = P(M*).

Proof (Hints). Explain why M is compact, the rest is straightforward. O

Proof. For each M € M, each M; > 0, and ZZ M, = I, which says that M is compact.
Also, the map M — Z:L: L tr(M;p;p;) is linear (and bounded), so is continuous, and so
achieves its supremum on M. O

Remark 3.6 Note that since also for each M € M, each M, > 0, we have that M is
convex.

Theorem 3.7 Let {p;,..., p,,} be an ensemble with probabilities {p;, ..., p,, }. For M =
{M,...,M,} and L = Z?zl M;p,p;, TFAE:

1. M is an optimal measurement, i.e. P(M) = P(M).

For all i € [n], 3(L + L*) > p;p;.

For all i € [n], L > p;p;.

There exists K € B(H) such that for all ¢ € [n], K > p,p; and (K — p,p;) M, = 0.
P(M) = min{tr(A) : A € A}, where A ={A € B(H): A > p,p,; Vi}.

Remark 3.8

ot W
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o The inequalities in 3. and 4. of Theorem 3.7 imply that L and K are Hermitian.

e L = K and are equal to a minimiser in 5. of Theorem [3.7.

e The uniqueness of K does not necessarily imply uniqueness of the optimal measure-
ment.

Proof (Hints).

e 1 = 2: assume the opposite, let P be the orthogonal projector onto the negative
eigenspace of L+ L* —2p;p;. For fixed ¢ > 0, define M; = (I —eP)M;(I—¢P) +
(2 —¢)Pd,;. Verify that M’ is a POVM and that

P(M’) =P(M)+etr(P(2p,;p; — L — L*)) — €2 tr(p; p; P) + €2 Z tr(PMijjpj).
j=1
e 3= 1:for any POVM M’ = {Mj, ..., M, }, show that P(M) — P(M’) > 0 (recall the
properties of a POVM).
e 2 = 1: use simple modification of the 3 = 1 proof.
e 2= 3: use that

itr(G(L + L*) —pjpj>Mj> = tr(%(L-ﬁ- L*) — L) -0

o 3 = 4: straightforward.

o 4= 1: show that tr(L) = P(M), show that P(M)—P(M’) >0 for any POVM
M ={Mji,...M,}.

e 4= 5: show that P(M) = tr(K).

e 5 = 4: should be straightforward by now.

O

Proof.

e 1. => 2.: assume the opposite, i.e. that there exists i € [n] such that 1(L + L*) % p;p;,
ie. L+ L* —2p,p; is not positive semi-definite. Let P be the orthogonal projector
onto the negative eigenspace of L + L* — 2p, p,. In particular, P is non-zero. Fix ¢ €
[0,2] and define

M} = (1—eP)M,(I—¢€P) +¢(2 —€) PS5

It is straightforward to check that M’ is a POVM and that

P(M')=P(M) +etr(P(2p;p; — L — L*)) — 2 tr(p,p; P) + €2 Z tr(PM,;Pp;p,)
j=1
By construction, tr(P(2p;p; — L — L*)) > 0. Since the last two terms are O(g?), for
e small enough, P(M’) > P(M), which contradicts our assumption that P(M) =
P(M).
e 3=1and 2= 1:let M’ be another POVM. Since P(M) = tr(L), we have

P(M)—P(M’") =tr(L) — zn:tr(M;pjpj)
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By 3, L > p;p;, hence P(M) — P(M’) > 0. For 2 = 1, since tr(L) = tr(L*), we can
replace L in the above proof by 3(L + L*).
2 = 3: using that tr(L) = tr(L*), we have

itr((%(L + L) —pjpj)Mj) = tr(%(L—i— L*) — L) -0

(L+L*) —
(L+L*) =

Since (L + L*) > p;pj, all the terms I(L+L*)— p;p; are positive, so (

NN

pjpj)M ;= 0 since the sums of the traces are 0. Summing over j gives
L, so L is Hermitian.

3 = 4: choosing K = L, it is straightforward to check the conditions are satisfied.

4 = 1: since KM; =p;p;M; for all j, it is straightforward to show that P(M) =
tr(L) = tr(K) by summing over j and taking the trace. Letting M’ be another
POVM, we have

P(M)—P(M') = itr(KMJf) — tr(p;p; M)

= 3 (K ;) ]) 2 0

j=1

since K —p,p; > 0.
4 = 5: it is straightforward to show that

P(M) = tr(K).
We have K € A and for all A € A,

n n

tr(K) = Zn:tr(KMj) = Ztr(pjijj) < Ztr(AMj) = tr(A)

j=1 j=1

So P(M) = tr(K) = min{tr(A) : A € A}. The argument in reverse shows the con-
verse.

5= 4:let A€ A be such that tr(A) = P(M) = tr(L). Then
0=tr(A—L)=tr (A > M, - L) = tr((A—pip;) M)
=1 =1

Since A > p,p; for all i, each term on the RHS is > 0, and so tr((A — p,;p;)M;) = 0,
but (A —p;p;)M,; > 0, so we can take K = A.

O
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Example 3.9 Let py,...,p, be pairwise commuting states, so there exists an ortho-
normal basis {|i) : ¢ € [n]} in which they can be simultaneously diagonalised. Let K be
the diagonal operator with diagonal entries (j| K |j) = max;(j|p,;p;|Jj)- By construction,
K has minimal trace among all operators A such that A > p,p, for all i (and K is such
an operator). Thus, by point 5 of Theorem 3.7,

n

P(I) = minftr(4) : A 2 p,p,¥i} = tr(K) = D (71K 1j) = 3 max(jlpipi ).

Jj=1

Example 3.10 Let pq, ..., p,, be pure states, each with associated a priori probability
1/n. For simplicity, assume that

n B ]Id
;pipi ~ 4

(with d < n). Define M; = £p, for each i € [n]. {Mi}:;1 is a POVM which describes
a maximum likelihood measurement. Since the p, are pure states, p? = p;, so for L =
E?:l M;p;p;, we have

n dg  , d I
L= ZMipipi == Zpipi == Zpipi =—2Dip;
i—1 ni= N4 n

for all 4. Hence, M is an optimal measurement by point 3 of Theorem B.7.

3.2. Binary hypothesis testing

Let p; and p, be density matrices with a priori probability p and 1 — p. Consider the
POVM M = (M;,M,) = (I,I — P) with P an orthogonal projection. Assigning P to p;
and I — P to p,, the probability of error is

E(M) = ptr(py(I—P)) + (1 —p)tr(p, P).
Also,

P(M) = ptr(p, P) + (1 — p) tr(py (I — P))
Note that P(M) + E(M) = 1.

Definition 3.11 Let H be a finite dimensional Hilbert space. For p € [1,00), the
Schatten p-norm is defined as

I, = B(H) — [0,00),
|A] = tr(|AP)"7.

We can also define |A|, = lim,_,, |A], = max;{|);|}, where A; are the eigenvalues of

A.

Theorem 3.12 (Quantum Neyman-Pearson) We have

E0M) > 2 (1~ ooy — (1~ p)nal, )
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with equality iff P is a projection onto (p;p; — (1 —p) p2)+, the positive eigensubspace
of pyp1 — (1 —p)ps,.

Proof (Hints).
o Let A=pp, — (1 —p)p,. By considering the positive and negative parts A, and A~
of A, show that tr(A,) = 1(|A4]; + tr(4)).
o Also show that (M) = p — tr(PA), and explain why the minimum (over P) of this
is attained iff PA, = A and PA_ = 0.
O

Proof. For every Hermitian A, we can write A=A, + A_, where A_ is the positive
part and A_ is the negative part. We have

tr(4) = 5 (141, + tr(4))

since |A|l; = tr(|A]) = tr(A, — A_) and tr(A) = tr(A, + A_). Now
E(M) = ptr(p,(I—P)) + (1 —p) tr(py P)

=p—ptr(p P) + (1 —p) tr(py P)

=p—tr(P(ppy — (1 —p)py)) =: p — tr(PA)
So maximum of above is attained iff PA, = A, and PA_ = 0, i.e. P is an orthonormal
projection onto A, . Hence,

min &(M) =p — tr((ppy — (1 —p)pa),)
1
=p—5(lppr — (1 =D)pa, + tr(ppy — (1 =~ p)ps)

= 31—l — = p)pal,)

Alternatively, we could define L = Ppp,; + (I — P)(1 — p)p, which satisfies L > pp; and
L > (1 —p)p,, hence is an optimal measurement, hence 1 = P(M) + E(M) < tr(L) +
E(M). O

Now assume we have m copies of p; and p,, and we can treat them as single density
matrices: pP™ and p§™. For the optimal measurement, the error rate is

1

= 11— o™~ ")

It can be shown that &' decays exponentially with m, i.e. £P' < Ke™¢™, K, ¢ > 0.
Note that this upper bound is independent of p.

Lemma 3.13 If A, B € B(H) are positive, then Vs € [0,1], tr((4° — B*)A'™%) <
tr((A—B),).

Proof. Consequence of operator monotonicity of z > z° for all s € [0,1] (details
omitted). n
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Theorem 3.14 (Quantum Chernoff Bound) Let p # 0,1. Then

1

¢:= lim (—Elog(rf?ﬁt)) = —log <sé[ré,f1] tr(py SPS))

Proof (Hints).

o Show that 3 (tr(4+ B) — |A — B|;) < tr(B*A'™*) for positive A, B € B(H) and s €
[0, 1].

o Now take A = pp?™ and B = (1 —p)p¥™ to show inequality in the theorem state-
ment.

e To show equality, consider

. 1 2 . .

o= DM 10 |1k k|
7,k

bz = 2Nl [0 |15#) (k)
7,k

where p, = Zj )\gi)|z/)§-i))(7,l)§-i)], and use that equality is achieved when applied to
commuting operators.

]
Proof. By Lemma 3.13,

%(tr(A +B)—|A—B|,) = %(2 tr(A) — tr(A — B) — tr((A— B),) + tr((A— B)_)

= tr(4) — tr((A— B),)
S tI‘(A) o tr((AS . Bs)Alfs) — tr(BsAlfs)

Let A = pp?™ and B = (1 — p)p3™. Then by above and [Quantum Neyman-Pearson),

1 m
et =5 (1= lpof™ — (1 =p)a§™ ) < (1 =p)*p*~*tx(p}~*p5)

Hence

ERt < inf p't(1—p)*tr(pi*p3)" < inf tr(ppops)"”

s€[0,1] s€[0,1]
SO

1
——log &%t > —log inf tr(pi=*ps
o logét > —log inf r(p1°p3)

And we can take the limit m — oo.

To show equality: given p;,p, we can constrl%(_:)t ,1?1) ,,52( _S)uch that [p;,p5] =0 and
~l_s ~s s s . . i i i
tr(p1%p5) = tr(p; *ps): explicitly, let p, = Zj A5 57 ) (57 ], then we define

~ 1 2 . .
o= M| [0k k|
7,k
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R IC)NTPROr
po = > A2 (s i) 13#) (5,
Jk
where {|ij)} is an orthonormal basis of H® H. p,, p, achieve equality in the above
inequality. O

3.3. The pretty good measurement

Definition 3.15 Given a collection of states {p;,} , With associated prior probability
{pi}?zl, the pretty good measurement is M¥ = {Mip}:;l, where

7
n
R = Zpipi,
i=1

where R~! is the Moore-Penrose pseudo-inverse.

1 1
MP = R12p.p.R7V? 4 E(H — R Y2RR7Y2) = R12p,p,R7Y? + E]I{ker R}

Definition 3.16 Given a collection of states {p;}

TL: with associated prior probability

{pi}?_l, the square measurement is M° = {Mz } 5 where
- i

MF = 52228712 4 L1 g 125512),
n

(2

n
S=> pip?
i=1

Theorem 3.17 (Holder's Inequality) For p,q € [1,00] and 1—1) + % =1, we have
|ABJ; = tr(|AB|) < [ A, Bl,-
Definition 3.18 Let I be an interval. f : I — R is operator convex on [ if
FOAA+ (1 =XB) < Af(A) + (1 —N)f(B),
for all A, B Hermitian with spectra in I and all A € [0, 1].

Theorem 3.19 (Jensen's Inequality) Let f be continuous on an interval I. TFAE:
e f is operator convex on I.
e For each n € N,

f (Zn: AZ-‘XiAi) < zn:A;*f(Xi)Ai,
=1 i=1

for all X4,...,X,, which are bounded self-adjoint operators whose spectra are con-
tained in I and all operators Ay, ..., A4, are operators which satisfy Z:L: L ATA; =1
o f(V*XV) < V*f(X)V for all Hermitian X with spectrum in I and all isometries V.

Proposition 3.20 We have

tr(SY2)* < P(M5) < P, < tr(SY/2).
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Proof (Hints).

o For simplicity, assume S is invertible. For first inequality, write S¥/2 = SS~1/2 use

cyclicity to introduce O’Z:-L /2

where appropriate, then use Jensen's Inequalityl.

o For third inequality, explain why o,; < S1/2 for each i, and use that for any POVM
M, A tr(M;A) is an operator monotone.

g

Proof. For simplicity, assume S is invertible. The second inequality follows by definition.
For the first, we have (letting o, = p,p;)

2
tr(51/2)? = tr(55-1/2)° (Zp 25—1/2)

2
Ztr(ai(ail/QS_l/Qailm))) by cyclicity

Il
N

IA
M -

~
Il
-

tr <ai(ail/25’_1/20i1/2)2) by Jensen's Inequality]

tr(afS_l/QaiS_l/z) by cyclicity

M 1D

@
Il
—_

tr(aiMiS ) by cyclicity

<

M?).

For the third inequality, note that o2 < Z a = S for each i, since the o, are positive

semi-definite. Since z -+ z'/2 is operator monotone we have o; < S1/2 for each i € [n].
Also, for any POVM M = {M,}, A+ tr(M;A) is operator monotone, hence tr(M;o;) <
tr(M;S'/?). Summing over i, we obtain

Ztr(Miai) < Ztr(Mislﬂ) = tr ( (Z MZ> 51/2> = tr(I- SY/2) = tr(S1/2).

Proposition 3.21 We have

(Pop)” < P(MP) <P

opt*

Proof (Hints). For simplicity, assume R is invertible. For the first inequality, show that
for any POVM M, (Zizl tl“(MZ-O'Z-)> < P(MPF), using cyclicity to introduce RY* and
R~/% where appropriate, Holder's Inequality, Cauchy-Schwarz, the fact that | M, ”oo <
1. Use the fact that ABA > 0if A,B > 0. O

Proof. For simplicity, assume R is invertible. The second inequality follows from the
definition. For the first, let M = {M,}" | be a POVM. Then
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(itr(Mpﬁ) = ( Y tr R1/4MiR1/4) : (R—1/4giR—1/4)))

(z

HR1/4M Rl/4|| Z |R Y40, R~ 1/4H by Cauchy-Schwarz

=

3

IA

2
||R1/4M Rl/4|| HR_1/4‘7 R 1/4H) by Holder

The first term in the final product is
Enj | RVAM R4 = itr((Rl/‘lMiRl/“f) - zn:tr(RlﬂMiRl/zMi)
i=1 i=1 i=1

<> tr(RY2M;RY?) = tr(R) = 1,

=1

where the inequality follows from [Holder's Inequalityl since [M;| < 1. (Note that
RY*M,RY* is PSD since M, and RY* are, so can ignore absolute values ) The second

term is

> HR—l/“aiR—l/“H Ztr (MFo;) =P (MP).

=1

Corollary 3.22 Since £(M) =1—P(M) and &, = 1 — P, we have

(P,

o). S P(MP),P(MS) <P, and &, < E(MP),&(MS) <28,

opt» opt

3.4. Asymmetric hypothesis testing

Definition 3.23 Given m copies of states p and o that we want to classify with a
POVM (P,,,I— P, ), the Type I error is «,,(P,,) = tr(p®™ (I — P,,)), and the Type
II error is 3,,(P,,) = tr(c®™P,,).

Note by the [Quantum Chernoff Bound, we have

1 1
liminf——1loge,,(P,,) > &, liminf——1logp,, (P,) >¢.

m—0o0 m m—0o0 m

Theorem 3.24 (Quantum Stein's Lemma) Let p,o € S(H), € € (0,1), let §,, be
minimised over all POVMs (P ,I— P ) subject to «,,(P,,) < e. Then

1
lim ——logf,, = D(p | o),

m—0o0

where D(p | o) = tr(p(log p —log o)) is the relative entropy between p and o.
Proof. First we show that lim,, ., —<log8,, < D(p | o).
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It can be shown that for A, B positive semi-definite, tr((4A — B), ) < tr(A'"**B~*) for all
s €[0,1]. Let A— B =} p1;Q; be the spectral decomposition of A — B, and let J(X) =
>, Q:XQ; be the pinching on the eigenbasis of A — B. This satisfies [J(A), J(B)] =
0; also, tr(A'™*B~*) is non-increasing under CPTP maps (i.e. tr(®(A)™*®(B)~%) <
tr(A**B~*) for all A, B positive semi-definite and quantum channels ®). We also have
tr((A—B),) =tr((T'(A) —T(B)),). Combining these facts, we can assume WLOG
that A and B are diagonal matrices. In this case, the inequality tr((A— B),) <
tr(A**B~*) is simply due to the the fact that a —b < a(a/b)* for all a,b > 0.

Take A = p®™ and B = e’ ¢®™, with A a constant to be specified later. Then
tr((p® — Mo P,, ) < tr((p®m) e (0% )
— efAmstr(pl—i-sa.fs)m
Note that «,,(P,) <e by assumption, i.e. 1 —e <tr(p®™P_ ). So by the above
inequality,

(1—¢)—e B, (P,,) <tr(p®mP, ) —ermtr(a®mP,)) < e str(pttsg—s)"

— e—)\msemf(s) — em(—)\s-i-f(s))
where f(s) =logtr(p'**07*). So we have

1 — & — em(=As+f(s)) < e/\mﬁm(P )

m

ie. B,(P,) =e ™ ((1—¢)—emlfs)-29))

Clearly f(0) =0 and it can be shown that f'(0) = D(p || o). So take A\=D(p | o) + ¢
for any 6 > 0. Then 3s € (0, 1] such that As > f(s), hence e™f(*)=23) < 1 for all m €
N. This gives

1 1
lim sup —— log B,,(P,,) < lim sup —— log(e=*™((1 —¢) — e™(F(5)=29)))
m

m— oo m m—00

1
= lim sup ()\ - log((l —€)— em(f(s)—)\s)))

m—0o0

<A< D(p|o)+54.

Since § > 0 was arbitrary, this shows inequality.

For equality: let o®™ = Zf: ) \; P; be the spectral decomposition of ¢®™. Define the
completely positive linear map T : B(H®™) — B(H®™) by T(X) = Zf: , DX P; (this
is called a pinching on the eigenbasis of ®™). Now
D(T(p*™) | e®™) = D(T(p*™) | T(c®™)) < D(p®™ | 0®™) by data-processing
=mD(p | o) by addivity
< D(T(p*™) | o®™) + dlog(m + 1).

27



By the inequality, have D(p || ¢) = lim,, .. =D(T(p*™) | ¢®™). Also, since the pinch-
ing T satisfies [T'(p®™),c®™] = 0, the RHS is interpretable as a classical relative entropy,

and classical Stein’s lemma has equality. O
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